Physics of Processes

Superposition of oscillations and wave formation



Superposition of oscillations

The free, damped and forced oscillatory motion is described by linear differential
equations. The consequence is the principle of superposition. The principle of
superposition means that the individual oscillations that take place
simultaneously in a (linear) system happen independently of each other. The
resulting composite oscillations of the system are then the superposition of all its
oscillations occurring simultaneously. This is true for both scalars and vectors.

Superposition of oscillations with the same direction and the same frequency
u(t) = ul(t)+ uz(t) U, (t) = Ay sin(at + @), U, (t) = Ay sin(at + ;)

- the resulting deflection u (t) from the equilibrium position is again a harmonic function

|u(t) = Asin( et + @) = Asin et cosp+ Acos et sin g

u, (t)+u,(t)= A sin atcose, + A cosatsin g, + A, sin atcose, + A, cosatsin @,

A® = A7 +AZ +2A A, cos(p, — @)
ACOSp = A COSQ, + A, COSQ, | 5 9o = A, sin @, + A, sin p,

Asin ¢ = A;sin ¢, + A, sin ¢, A cosg, + A, cOS @,




Superposition of oscillations

the equation A® = A’ + A +2A A, cos(p, — @,) implies:

If the oscillations are in phase, i.e. ¢2— @1 =0, then A = A1 + A2 —amplitudes
add up, oscillations amplify

If the oscillations are in the opposite phase, i.e. ¢2— @1 =T, then A =A1- A2
—amplitudes are subtracted, oscillations are attenuated

If A1 = A2, then A =0 - both oscillations will suppress each other



Superposition of oscillations

Superposition of oscillations with the same direction and different frequencies

u, (t) = A sin(ent + @), U, (t) = Ay sin(w,t + ;)

- we set the beginning of the oscillatory motion tracking to the moment t,, when
both partial oscillations have the same phase: at, + ¢, = @ty + @, = @. Then:

u(t) = u, (t)+u,(t)= A sin(at + @) + A, sin(w,t + @)

The resulting oscillation is periodic only if the ratio of the frequencies f1 and f2
of both partial oscillations is given by the ratio of integers n; and n.:

op _f T _m

w, f, T ny

When this condition is met, the resulting oscillation will be described by a
periodic and generally inharmonic function that repeats after the shortest period
of time that includes n, oscillations with period T, and n, oscillations with period
T,. This period T is the smallest common multiple of both periods T, and T.. If the
T,/T, ratio is irrational, the two superposed oscillations cannot meet so that the
motion cannot repeat and the motion cannot be periodic.



Superposition of oscillations

Beats

- superposition of oscillations with the same direction and different
frequencies, which do not differ much from each other, i.e. they apply

O F B, @) - B << @ + @
] f, T, n

- the condition must be met =
w, f, T ny

- we will further assume that @, > ®,, and the same amplitudes A; = A, = A.

u,(t) = Asin(ot + @;), U, (t) = Asin(o,t + ¢@,)

ut) =u,(t)+u,(t)= Asin(at + @,) + Asin(w,t + @,) =

— ,&(t)sin{a)1 ;a)z t+ %;%}




Superposition of oscillations

View of beats
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Modulation, beats with frequency 2 f
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Animation



https://www.walter-fendt.de/html5/phcz/beats_cz.htm

Superposition of perpendicular
oscillations

Lissajous patterns

1. Both frequencies are the same: @, = @, = @

;‘7"(1) _ [-171 (rl X, (f)] X (1) = Agsin(ant +¢1), X (t) = Ay sin(wt + ;)

- movement is restricted in space:

r(f) = ‘F(T] —\ x12 - xzz X1 < A, X, £ A,

X (t) = Asin(at+¢), X (t)=A;sin(at+@,)

- the trajectory equation is obtained by
excluding time from both equations:

2 2
Xl ij X1X2 - 2 o .
=+ =] -2 cos(p, —1)—-sin“(p, —¢1)=0 _the ellipse equation
(AJ (Az A A, . &



Superposition of perpendicular
oscillations

Lissajous patterns

2. Both frequencies are not the same:

A general curve in arectangle is created: =A; <Xx; <A, -A, <X, <A,

If the frequencies of @, @, are in the ratio of integers n;, n,, i.e. the ratio
of the two frequencies is a rational number

@1 _M kde n,n,=1,2,3, ...

Wy Ny

the resulting oscillation has a periodic character. Its period will be equal
to the least common multiple of the sub-periods and its frequency to the
greatest common divisor of the sub-frequencies.

If the ratio of the frequencies @, @, is not a rational number, the
resulting oscillation is not periodic, resulting in an unclosed curve.



Superposition of oscillations in the
plane

Different frequencies in integer multiples — Lissajous patterns
— curves of the resulting trajectories

b.x=Asin o,t; y =B sin (o,t + ¢)
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Pair of coupled oscillators

Coupling of oscillators 1 —web simulation

Coupling of oscillators 2 —web simulation

Coupling of springs —web simulation + experiment with the model



http://www.acs.psu.edu/drussell/Demos/coupled/coupled.html
https://www.walter-fendt.de/html5/phcz/coupledpendula_cz.htm
http://www.acs.psu.edu/drussell/Demos/2-dof-coupled/2-dof.html

Generation and propagation of
successive waves In a material medium

in the case of oscillators coupled to each other, the excitation of any of them is
associated with the excitation of neighbouring oscillators - the so-called
successive wave is formed

the simplest case of wave propagation is along a straight line - longitudinal and
transverse

the wave propagation velocity c is the phase velocity - in a homogeneous
iIsotropic medium it is constant

In an anisotropic environment, the speed of wave propagation is different in
different directions

A —wavelength - the distance travelled by a wave over a period T



Generation and propagation of
successive waves in a material medium

Sequential excitation of oscillators — successive wave
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- description of the spatio-temporal wave propagation - the deflection u is
a function of time and position

Waves interference

u(t,x) = Asin a)(t—f) = Asin a)(t—T %) = Asin 27”(ct ~X) =k - angular wave number

C

Same principle as in interference of oscillations,
but the position must be respected


http://www.acs.psu.edu/drussell/Demos/waves-intro/waves-intro.html
http://www.acs.psu.edu/drussell/Demos/wave-x-t/wave-x-t.html

Doppler effect

- if the source of the waves and its observer move mutually, then in mutual
approaching respectively moving away the observer perceives a higher
respectively lower frequency of the waves than the natural frequency of the
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ctv_, moving away of the source



http://www.acs.psu.edu/drussell/Demos/doppler/doppler.html
https://www.walter-fendt.de/html5/phcz/dopplereffect_cz.htm

Wave equation

Simplified derivation for plane wave

The equation to describe the spatiotemporal propagation of a wave is:
: X
u(t, x) = Asin a)[t——

/ cj\
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Wave equation:

General solution of the wave equation using functions f and g:

u(x,t) = f(t=")+g(t+ )
C C

- waves propagating in the positive (f) and negative (g) sense along the x-axis



I.e. the relative extension is & =

Elastic waves

In the material environment

Longitudinal wave propagation in a thin flexible bar

Wave propagation is associated with a change in axial displacement Au to
distance AXx,
AU  ou

Ax_ax

an elementary section of a rod of length Ax and mass Am = pAV = Sp Ax is set
in motion by the difference of forces acting at the ends of the elementary
section: Am.a = AF, i.e.:

6% 6% ou
Am—_—=SpAX——=AF (i) From Hooke's Law: F=So=SE—— ;
ot? ot? OX
o°u  AF o°u
relation (i) can be written: S = =SE —
U - ot Ax Ox”
2 2
- is therefore: o"u — pou (i1)

ox°> E ot°




- comparison of equation (ii) with the wave equation

relation:

Elastic waves

In the material environment

Longitudinal wave propagation in a thin flexible bar

o’u 1 o°u
P = 2 a2 gives the

- propagation speed of longitudinal waves in a thin bar



Selected formulas for calculating the speed of wave propagation in a material

Elastic waves

medium
Medium | Type of wave | Formula Notes
Solid Transverse G
bodies cC= | G — modulus of elasticity in shear
o K — bulk modulus of elasticity
— [EE——— u — Poisson’s ratio
oli ongitudina _ _ densit
bodies C = i p-1 K b U
o u+3
Strings Transverse o o — tension in the string
cC= |— p - density
Ve
Fluids Longitudinal K K — bulk modulus of elasticity
C= | p —density
\| p




