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a b s t r a c t 

This paper presents analytical solutions for pumping from a poroelastic, confined aquifer where the combined 

effects of a finite-thickness skin zone and the wellbore storage are fully incorporated. The pumping-induced 

axisymmetric stress, plane strain deformation, and pore pressure are derived in the Laplace transform domain. 

Time-domain solutions are obtained using the Stehfest inversion algorithm. Numerical examples are presented 

to investigate the effects of hydromechanical coupling and poroelasticity on the hydraulic drawdown at the 

pumping well and at an observation well. The results show that traditional methods substantially underestimate 

the drawdown at the pumping well in a low-permeability hard rock compared with the drawdown predicted using 

the fully coupled poroelastic theory. The difference becomes more pronounced when a finite-thickness positive 

skin is present with a permeability that is lower than the permeability of the formation. For finite-radius pumping 

wells with storage, the effects of poroelasticity on drawdown are masked by the effects associated with wellbore 

storage. 
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. Introduction 

Pumping tests in confined aquifers are widely used to estimate hy-

raulic properties (e.g., hydraulic conductivity and specific storage) of

quifers for a wide range of applications from groundwater extraction

o potential site evaluation for nuclear-waste disposal. A pumping test

ypically involves pumping a well at a carefully controlled rate for a

eriod to create a measurable pressure perturbation in the formation,

nd to measure the rate of flow at the well and the drawdown in ob-

ervation wells located at different distances from the pumping well

 Yeh and Chang, 2013 ). Interpretation and analysis of the drawdown

ata collected during a pumping test is largely based on fitting type

urves generated from available analytical solutions. Since the semi-

al work by Theis (1935) —which produced an analytical solution for

rawdown induced by a fully penetrating well of infinitesimal radius

umping water at a constant rate from an infinite homogeneous con-

ned aquifer —a variety of analytical solutions have been developed to

ddress pumping tests under different well and aquifer configurations

 Chen, 1984 ; Cassiani et al., 1999 ; Chang and Chen, 2002 ; Yang et al.,

006 ; Yeh and Chang, 2013 ;). In particular, several researchers have fo-

used on the effects of a finite well radius ( Moench, 1997 ; Yang et al.,

006 ), wellbore storage ( Park and Zhan, 2002 ; Razminia et al., 2016 ;

i et al., 2018 ), the skin zone ( Chang and Chen, 2002 ; Pasandi et al.,
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008 ; Razminia et al., 2015 ; Feng and Zhan, 2016 ), and the permeability

nisotropy ( Mathias and Butler, 2007 ) on transient flow behavior. For

xample, Hantush (1964) developed an analytical solution for constant-

ate pumping in confined aquifers by taking into consideration the ef-

ects of a finite well radius. Papadopulos and Cooper (1967) extended

he Hantush (1964) solution by accounting for wellbore storage for a

ully penetrating well. In addition to the storage and radius of the pump-

ng well, the induced drawdown at a control well can also be strongly in-

uenced by a skin zone, which is conceptualized as the surrounding zone

f a well with reduced/enhanced permeability resulting from drilling

r completion operations ( Yeh and Chang, 2013 ). A negative/positive

kin refers to a skin zone with a permeability that is larger/smaller

han the permeability of the formation zone. In petroleum engineering

pplications, wellbore skin factors are commonly introduced to quan-

ify the skin effect on fluid flow without modeling skin zone explic-

tly ( Dejam et al., 2013 ). The nondimensional skin factor is defined as

 Yeh and Chang, 2013 ): 

 𝑓 = 

[
𝐾 2 ∕ 𝐾 1 − 1 

]
ln 
(
𝑟 𝑆 ∕ 𝑟 𝑊 

)
(1) 

here K 2 and K 1 are the hydraulic conductivities of the formation and

kin zone, respectively, and r S and r W 

are the skin zone radius and well-

ore radius (measured from the axis of the well), respectively. Accord-

ng to Novakowski (1989) , the thickness (i.e., the difference between

 S and r W 

) of the skin zone may range from a few millimeters to sev-
pril 2020 
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Nomenclature 

𝛼 Biot coefficient 

𝜀 rr radial strain 

𝜀 kk bulk strain 

𝜁 increment of fluid content 

μf pore fluid viscosity (ML − 1 T 

− 1 ) 

𝜈u undrained Poisson’s ratio 

𝜎ij total stress (M L − 1 T 

− 2 ) 

𝜎rr radial stress (M L − 1 T 

− 2 ) 

𝜎zz axial stress (M L − 1 T 

− 2 ) 

c hydraulic diffusivity (L 2 T 

− 1 ) 

p excess pore pressure (M L − 1 T 

− 2 ) 

r radial distance from the axis of the pumping well (L) 

r S radius of skin zone (L) 

s h hydraulic drawdown (L) 

u r radial displacement (L) 

C W 

wellbore storage coefficient (L 2 ) 

G shear modulus (M L − 1 T 

− 2 ) 

I 0 modified Bessel function of the first kind of order zero 

K 1 modified Bessel function of second kind of first order 

K f bulk modulus of fluid (M L − 1 T 

− 2 ) 

K V drained vertical bulk modulus (M L − 1 T 

− 2 ) 

N total number of terms in the Stehfest series 

Q volumetric pumping rate (L 3 T 

− 1 ) 

Superscript 
∗ dimensionless variable 

𝜀 ij strain components 

𝜀 𝜃𝜃 hoop strain 

𝜀 zz axial strain 

𝜅 mobility (M 

− 1 L 3 T) 

𝜈 drained Poisson’s ratio 

𝜌f mass density of the fluid (M L − 3 ) 

𝜎kk bulk stress (M L − 1 T 

− 2 ) 

𝜎𝜃𝜃 hoop stress (M L − 1 T 

− 2 ) 

𝜙 porosity 

k intrinsic permeability (L 2 ) 

p w 

pressure at the wellbore (M L − 1 T 

− 2 ) 

r C radius of well casing (L) 

r W 

radius of pumping well (L) 

s Laplace transform variable 

t time (T) 

B Skempton’s coefficient 

E Young’s modulus (M L − 1 T 

− 2 ) 

H (t) Heaviside function 

I 1 modified Bessel function of the first kind of first order 

K 0 modified Bessel function of second kind of order zero 

K b bulk modulus of fluid-saturated rock (M L − 1 T 

− 2 ) 

K s bulk modulus of solid (M L − 1 T 

− 2 ) 

M Biot modulus (M L − 1 T 

− 2 ) 

S s specific storage (L − 1 ) 

Subscript 

1,2 skin zone, formation zone 

ral meters. Skin zones that develop during the well drilling because of

rilling mud and/or rock flour invasion have lower permeability than

he formation and are defined as a positive skin. Conversely, negative

kin zones with permeability higher than the formation develop when

he drilling method induces substantial spalling and fracturing of the

orehole wall. Butler (1988) investigated the problem of a well of in-

nitesimal radius with a finite-thickness skin zone subject to a constant-

ate pumping by treating the well as a point force and found that the

rawdown during a pumping test can be considered to consist of two
omponents that are dependent and independent of near-well proper-

ies. Novakowski (1989) solved the problem of a fully penetrating well

ubjected to a constant-rate pumping in a confined aquifer, accounting

imultaneously for finite wellbore radius, finite-thickness skin zone, and

ellbore storage. Yeh et al. (2003) derived the closed-form time-domain

olution of the drawdown for a pumping test in a confined aquifer in

erms of an improper integral, which included the effects of a finite

ellbore radius and finite-thickness skin zone. By accounting for the

ellbore storage effect and the skin effect using the lumped skin factor

 Eq. (1) ), Dejam et al. (2013) investigated the behavior of transient pres-

ure at a partially penetrating well in a naturally fractured reservoir and

pplied it to generate type curves to analyze the pressure of wellbores

ith a gas cap. Razminia et al. (2016) examined the transient pressure in

 fractal reservoir by taking into consideration both the wellbore storage

nd skin effects. 

The aforementioned solutions were all developed using the tradi-

ional groundwater flow conceptual model, which does not include

he poroelastic effects associated with a pumping test. The pumping-

nduced horizontal deformation of an aquifer is well documented and

ecognized ( Hsieh and Cooley, 1995 ; Hsieh, 1996 ; Berg et al., 2011 ;

urbey, 1999 , 2003 ; Yin et al., 2007 ; Sneed et al., 2018 ), but it re-

ains a common assumption in groundwater theory that solid grains

re incompressible and horizontal deformation of an aquifer is thought

o have a negligible effect on pressure transience ( Wang, 2000 ; De Si-

one and Carrera, 2017 ; Fan et al., 2019 ). Although computed values

f the hydraulic properties of aquifers using models based on ground-

ater flow theory yield significant insights into the physics control-

ing the feedback and interaction between well parameters and aquifer

onfigurations, using traditional models to interpret pumping tests can

ead to erroneous outcomes for cases with strong poroelastic effects

 Berg et al., 2011 ; Ding et al., 2019 ; Fan et al., 2016 , 2020 ; Fan and

arashar, 2019 ). Poroelastic effects are thought to play a prominent role

n low-permeability hard rocks, which are systems of interest for a va-

iety of applications in subsurface hydrogeology, such as nuclear waste

torage ( Tsang et al., 2015 ; Belmokhtar et al., 2016 ), enhanced geother-

al systems ( Koh et al., 2011 ; Ghassemi and Zhou, 2011 ; Fan and

arashar, 2019 ), and geological carbon sequestration ( Wu et al., 2010 ;

e Simone and Carrera, 2017 ). Accurate and reliable hydraulic charac-

erization of low-permeability hard rocks is essential for assessing its

ong-term performance for various applications ( Tsang et al., 2015 ).

trong hydromechanical coupling occurs in these rocks when the sys-

em is subjected to high pumping rates, and therefore taking into ac-

ount the poroelastic effect may help obtain more accurate estimates of

he subsurface properties. 

The poroelastic effect for a well under a constant rate of dis-

harge has been studied more extensively in petroleum engineering

han in hydrology. For instance, Cheng (2016) presented the ana-

ytical solution for fluid extraction from a poroelastic reservoir at a

onstant rate. Abousleiman and Chen (2010) derived the poroelas-

ic solution for an inclined borehole subjected to a finite-length fluid

ux. Mehrabian and Abousleiman (2013) developed the fundamental

oroelastic solutions for a wellbore under partial angular fluid flux

nd normal tractions. Chen (2019) further extended the solution of

bousleiman and Chen (2010) by developing three-dimensional an-

lytical solutions for an arbitrarily inclined wellbore subjected to a

uid discharge of finite-length. These analytical poroelastic solutions

 Abousleiman and Chen, 2010 ; Mehrabian and Abousleiman, 2013 ;

heng, 2016 ; Chen, 2019 ) addressed the hydromechanical coupling as-

ociated with wells pumping at a constant rate, without accounting for

he effects of skin zone and wellbore storage. To the best knowledge of

he authors, analytical solutions accounting for poroelastic effects in a

ystem with a finite radius well that consider the wellbore storage and

kin zone effects have not yet been reported. The purpose of this paper is

hreefold: (1) to derive new analytical solutions for a pumping test that

imultaneously accounts for poroelastic effect, wellbore storage, and fi-

ite wellbore skin zone; (2) to compare this new solution with transient
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Fig. 1. Schematic illustration of a well subjected to a constant- 

rate pumping in a poroelastic confined aquifer. 
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olutions obtained from existing simpler analytical methods; and (3) to

etermine the conditions under which the drawdown solutions obtained

re reasonably accurate and reliable without incorporating the poroe-

astic effect. We used Laplace transform to solve the governing equa-

ions in plane strain poroelasticity and explored the effects of wellbore

torage, skin zone types/thickness, and poroelastic deformation on the

emporal-spatial evolution of drawdown in the pumping well and in the

quifer. The results presented in this paper are expected to provide use-

ul guidance for observation well placement and to help practitioners

etter interpret the pumping test results. The analytical solutions de-

ived in this paper may serve as a benchmark for validating numerical

odels and methods in poroelasticity. 

. Mathematical formulation 

.1. Statement of the problem 

Consider a fully penetrating pumping well of radius r W 

with a skin

one of radius r S embedded in a homogeneous, isotropic, poroelastic

onfined aquifer ( Fig. 1 ). At time zero, pumping starts at a constant

olumetric rate, Q , from the pumping well. 

The key assumptions underlying the poroelastic formulation for the

forementioned system are as follows: (1) the aquifer is homogeneous

nd isotropic; (2) the pumped aquifer is horizontal and of infinite ex-

ent; (3) the aquifer is poroelastic and follows the classical Biot theory;

4) the skin zone and the formation have the same mechanical proper-

ies, but different hydraulic properties; and (5) the screen interval of the

umping well spans the thickness of the aquifer and the plane strain con-

ition prevails in the horizontal plane. Within the classical framework

f Biot poroelasticity, fluid flow is assumed to follow Darcy’s law ( Wang,

000 ). We note that this simplified assumption may not be valid in ultra-

ight, low-permeability media, particularly when the hydraulic gradient

s very small ( Neuzil, 1986 ; Dejam et al., 2017 ). The fourth assumption

s justified based on observations that the skin zones develop mainly due

o drilling and completion practices, which result in an altered perme-

bility in a region surrounding a wellbore without significant changes

n the mechanical properties ( Nowakowski, 1989 ). Because the length

f the screen interval of the pumping well is much larger than the well

iameter, and the flux and traction boundary conditions do not vary

long the wellbore axis, the plain strain condition is assumed. 

For the plain strain condition, the constitutive equations in polar co-

rdinate systems, which express the total stresses, 𝜎ij , and pore pressure,

 , in terms of strains, 𝜀 ij , and increment of fluid content, 𝜁 , are as follows
 Wang, 2000 ; Cheng 2016 ): 

𝑟𝑟 = 2 𝐺 𝜀 𝑟𝑟 + 

2 𝐺 𝜈𝑢 
1 − 2 𝜈𝑢 

𝜀 𝑘𝑘 − 𝛼𝑀𝜍 (2)

𝜃𝜃 = 2 𝐺 𝜀 𝜃𝜃 + 

2 𝐺 𝜈𝑢 
1 − 2 𝜈𝑢 

𝜀 𝑘𝑘 − 𝛼𝑀𝜍 (3)

𝑧𝑧 = 

2 𝐺 𝜈𝑢 
1 − 2 𝜈𝑢 

𝜀 𝑘𝑘 − 𝛼𝑀𝜍 (4)

 = 𝑀 

(
𝜍 − 𝛼𝜀 𝑘𝑘 

)
(5)

here 𝜎rr , 𝜎𝜃𝜃 , and 𝜎zz are the radial, hoop, and axial stresses, respec-

ively; 𝜀 rr , 𝜀 𝜃𝜃 , and 𝜀 zz are the radial, hoop, and axial strains, respectively;

nd 𝜀 kk is the bulk strain. The material constants given above are: the

hear modulus, G ; the undrained Poisson’s ratio, 𝜈u ; the Biot coefficient,

; and the Biot modulus, M . The Biot coefficient, 𝛼, is a ratio signify-

ng the fluid volume change induced by the bulk volume change under

rained conditions ( Wang, 2000 ). For the axial symmetry case, the strain

omponents are related to the displacement by: 

 𝑟𝑟 = 

𝜕 𝑢 𝑟 

𝜕𝑟 
, 𝜀 𝜃𝜃 = 

𝑢 𝑟 

𝑟 
, 𝜀 𝑧𝑧 = 0 (6)

here u r is the radial displacement. The bulk strain is given by: 

 𝑘𝑘 = 

𝜕 𝑢 𝑟 

𝜕𝑟 
+ 

𝑢 𝑟 

𝑟 
= 

1 
𝑟 

𝜕 

𝜕𝑟 

(
𝑟 𝑢 𝑟 

)
(7)

For a fully saturated rock without any fluid sources or sinks, the

onservation of fluid mass yields: 

𝜕𝜍 

𝜕𝑡 
= 𝑐 ∇ 

2 𝜍 (8)

Equivalently, Eq. (8) can be written as ( Green and Wang, 1990 ): 

𝜕 

𝜕𝑡 

(
𝑝 + 

𝐵 

3 
𝜎𝑘𝑘 

)
= 𝑐 ∇ 

2 
(
𝑝 + 

𝐵 

3 
𝜎𝑘𝑘 

)
(9) 

In the above B is the Skempton’s coefficient, which is defined as

he ratio of the induced pore pressure to the change of bulk stress under

ndrained conditions ( Wang, 2000 ), c is the hydraulic diffusivity, which

s defined as 𝑐 = 

𝜌𝑓 𝑔𝑘 

𝜇𝑆 𝑠 
, and S s is the specific storage given by ( Green and

ang, 1990 ; Wang, 1993 ): 

 𝑠 = 𝜌𝑓 𝑔 

[ 
𝜙

( 

1 
𝐾 𝑓 

− 

1 
𝐾 𝑠 

) 

+ 

𝛼

𝐾 𝑉 

( 

1 + 

4 𝐺 
3 𝐾 𝑠 

) ] 
(10) 

here 𝜌f is the fluid density; g is the gravitational acceleration; k is

ermeability; 𝜇 is the fluid dynamic viscosity; 𝜙 is the porosity; K f and
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 s are the bulk modulus for fluids and solids, respectively; and K V is the

rained vertical bulk modulus ( Wang, 2000 ), which can be expressed in

erms of the bulk modulus, K b , and shear modulus, G , of the matrix as

ollows: 

 𝑉 = 𝐾 𝑏 + 

4 
3 
𝐺 (11)

The equilibrium equation, which describes the system under the in-

uence of radial and hoop stresses, is given by: 

𝜕 𝜎𝑟𝑟 

𝜕𝑟 
+ 

𝜎𝑟𝑟 − 𝜎𝜃𝜃

𝑟 
= 0 (12)

Substituting the constitutive Eqs. (2 - 3 ) and strain-displacement re-

ations (6) and (7) into the equilibrium Eq. (12) yields the governing

quation for displacement: 

2 𝐺 
(
1 − 𝜈𝑢 

)
1 − 2 𝜈𝑢 

( 
𝜕 2 𝑢 𝑟 
𝜕 𝑟 2 

+ 

1 
𝑟 

𝜕 𝑢 𝑟 

𝜕𝑟 
− 

𝑢 𝑟 

𝑟 2 
) = 𝛼𝑀 

𝜕 𝜍 

𝜕 𝑟 
(13)

Eq. (13) can be rearranged into: 

𝜕 𝜀 𝑘𝑘 

𝜕𝑟 
= 

𝛼𝑀 

(
1 − 2 𝜈𝑢 

)
2 𝐺 

(
1 − 𝜈𝑢 

) 𝜕𝜍 
𝜕𝑟 

(14)

The initial conditions that describe the system before the onset of

umping are expressed by equating the excess pore pressure, increment

f fluid content, radial stress, and radial displacement to zero: 

 1 ( 𝑟, 0) = 𝑝 2 ( 𝑟, 0) = 0 (15)

 1 ( 𝑟, 0) = 𝜍 2 ( 𝑟, 0) = 0 (16)

𝑟 1 ( 𝑟, 0) = 𝜎𝑟 2 ( 𝑟, 0) = 0 (17)

 𝑟 1 ( 𝑟, 0) = 𝑢 𝑟 2 ( 𝑟, 0) = 0 (18)

here the subscripts 1 and 2 refer to the skin zone ( r W 

≤ r ≤ r S ) and the

ormation zone 

( r S ≤ r < ∞), respectively. 

The boundary conditions are specified below. 

At the far field: 

 2 (∞, 0) = 0 , 𝜍 2 (∞, 0) = 0 , 𝜎𝑟 2 (∞, 0) = 0 , 𝑢 𝑟 2 (∞, 0) = 0 (19)

At the borehole surface: 

𝑟 1 
(
𝑟 𝑊 , 𝑡 

)
= − 𝑝 1 

(
𝑟 𝑊 , 𝑡 

)
𝐻 (t) (20)

 𝜋𝑟 𝑊 𝑏 
𝑘 1 
𝜇

𝜕 𝑝 1 
𝜕𝑟 

||||𝑟 = 𝑟 𝑊 − 

𝐶 𝑊 

𝜌𝑓 𝑔 

𝜕 𝑝 1 
𝜕𝑡 

||||𝑟 = 𝑟 𝑊 = − 𝑄𝐻 ( 𝑡 ) (21)

here H (t) is the Heaviside function, p 1 is the time-dependent fluid pres-

ure required to pump at a constant rate, Q , from the wellbore. This is

n implicit initial-boundary value problem because p 1 is unknown a pri-

ri. The wellbore storage coefficient is 𝐶 𝑊 = 𝜋𝑟 2 
𝐶 

( Novakowski, 1989 ),

here r C is the radius of the well casing. 

At the interface between the skin and formation zone ( r = r S ), the

ontinuity of the pore pressure, fluid flux, radial displacement, and ra-

ial stress leads to: 

 1 
(
𝑟 𝑆 , 𝑡 

)
= 𝑝 2 

(
𝑟 𝑆 , 𝑡 

)
(22)

1 
𝜕 𝑝 1 
𝜕𝑟 

(
𝑟 𝑆 , 𝑡 

)
= 𝜅2 

𝜕 𝑝 2 
𝜕𝑟 

(
𝑟 𝑆 , 𝑡 

)
(23)

 𝑟 1 
(
𝑟 𝑆 , 𝑡 

)
= 𝑢 𝑟 2 

(
𝑟 𝑆 , 𝑡 

)
(24)

𝑟 1 
(
𝑟 𝑆 , 𝑡 

)
= 𝜎𝑟 2 

(
𝑟 𝑆 , 𝑡 

)
(25)

In Eq. (23) , 𝜅1 = 𝑘 1 ∕ 𝜇 and 𝜅2 = 𝑘 2 ∕ 𝜇 are the mobility of the skin zone

nd formation, respectively. 
.2. Analytical solutions in the Laplace domain 

Analytical solutions were derived in the Laplace domain.

ppendix A provides the detailed derivations. In the skin zone,

he Laplace-domain solutions for pore pressure; radial, hoop, and axial

tresses; and displacement are: 

̃ 1 = 

1 
𝑠 

𝑄𝜇

2 𝜋𝑟 𝑤 𝑏 𝑘 1 
√
𝑠 ∕ 𝑐 1 

Ψ2 𝐼 0 

(
𝑟 
√
𝑠 ∕ 𝑐 1 

)
+ Ψ1 𝐾 0 

(
𝑟 
√
𝑠 ∕ 𝑐 1 

)
Ψ1 𝐾 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
− Ψ2 𝐼 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
+ Ψ3 

(26)

̃𝑟𝑟 1 = 

1 
𝑠 

𝑄𝜇

2 𝜋𝑟 𝑤 𝑏 𝑘 1 
√
𝑠 ∕ 𝑐 1 

2 𝜂Ψ1 𝐹 1 ∕ 
(
𝑟 
√
𝑠 ∕ 𝑐 1 

)
+ 2 𝜂Ψ2 𝐹 2 ∕ 

(
𝑟 
√
𝑠 ∕ 𝑐 1 

)
− 𝐹 3 𝑟 

2 
𝑤 
∕ 𝑟 2 

Ψ1 𝐾 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
− Ψ2 𝐼 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
+ Ψ3 

(27) 

̃𝜃𝜃1 = 
1 
𝑠 

𝑄𝜇

2 𝜋𝑟 𝑤 𝑏 𝑘 1 
√
𝑠 ∕ 𝑐 1 

−2 𝜂Ψ1 𝐹 1 ∕ 
(
𝑟 
√
𝑠 ∕ 𝑐 1 

)
− 2 𝜂Ψ2 𝐹 2 ∕ 

(
𝑟 
√
𝑠 ∕ 𝑐 1 

)
+ 𝐹 3 𝑟 2 𝑤 ∕ 𝑟 

2 − 2 𝜂𝐹 4 

Ψ1 𝐾 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
− Ψ2 𝐼 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
+ Ψ3 

(28) 

̃𝑧𝑧 1 = − 

1 
𝑠 

𝑄𝜇

2 𝜋𝑟 𝑤 𝑏 𝑘 1 
√
𝑠 ∕ 𝑐 1 

2 𝜂𝐹 4 
Ψ1 𝐾 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
− Ψ2 𝐼 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
+ Ψ3 

(29) 

̃ 𝑟 1 = 

1 
𝐺𝑠 

𝑄𝜇

2 𝜋𝑟 𝑤 𝑏 𝑘 1 
√
𝑠 ∕ 𝑐 1 

− 𝜂Ψ1 𝐹 1 ∕ 
√
𝑠 ∕ 𝑐 1 − 𝜂Ψ2 𝐹 2 ∕ 

√
𝑠 ∕ 𝑐 1 + 𝐹 3 𝑟 

2 
𝑤 
∕ ( 2 𝑟 ) 

Ψ1 𝐾 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
− Ψ2 𝐼 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
+ Ψ3 

(30) 

here the tilde represents the Laplace transform; s is the transform vari-

ble; I 0 and I 1 are the modified Bessel function of the first kind of order

ero and first order, respectively; and K 0 and K 1 are the modified Bessel

unction of the second kind of order zero and first order, respectively.

unctions Ψ1 , Ψ2 , and Ψ3 are given by: 

1 = 

𝑘 2 

𝑘 1 

√ 

𝑐 1 

𝑐 2 
𝐼 0 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 1 

)
𝐾 1 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 2 

)
+ 𝐼 1 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 1 

)
𝐾 0 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 2 

)
(31) 

2 = 𝐾 1 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 1 

)
𝐾 0 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 2 

)
− 

𝑘 2 

𝑘 1 

√ 

𝑐 1 

𝑐 2 
𝐾 0 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 1 

)
𝐾 1 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 2 

)
(32) 

nd: 

3 = 

𝐶 𝑤 𝑠 

2 𝜋𝑟 𝑤 𝑏𝜌𝑔 𝑘 1 ∕ 𝜇
√
𝑠 ∕ 𝑐 1 

[
Ψ2 𝐼 0 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
+ Ψ1 𝐾 0 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)]
(33)

Functions F 1 - F 4 are defined as: 

 1 = 𝐾 1 

(
𝑟 
√
𝑠 ∕ 𝑐 1 

)
− 

𝑟 𝑤 

𝑟 
𝐾 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
(34)

 2 = 

𝑟 𝑤 

𝑟 
𝐼 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
− 𝐼 1 

(
𝑟 
√
𝑠 ∕ 𝑐 1 

)
(35)

 3 = Ψ2 𝐼 0 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
+ Ψ1 𝐾 0 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
(36)

 4 = Ψ2 𝐼 0 

(
𝑟 
√
𝑠 ∕ 𝑐 1 

)
+ Ψ1 𝐾 0 

(
𝑟 
√
𝑠 ∕ 𝑐 1 

)
(37)
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In the formation zone, the Laplace domain solutions for pore pres-

ure; radial, hoop, and axial stresses; and displacement are given by:

̃ 2 = 
1 
𝑠 

𝑄𝜇

2 𝜋𝑟 𝑤 𝑏 𝑘 1 
√
𝑠 ∕ 𝑐 1 

𝐾 0 

(
𝑟 
√
𝑠 ∕ 𝑐 2 

)[
Ψ2 𝐼 0 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 1 

)
+ Ψ1 𝐾 0 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 1 

)]
𝐾 0 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 2 

)[
Ψ1 𝐾 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
− Ψ2 𝐼 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
+ Ψ3 

]
(38) 

̃𝑟𝑟 2 = 

1 
𝑠 

𝑄𝜇

2 𝜋𝑟 𝑤 𝑏 𝑘 1 
√
𝑠 ∕ 𝑐 1 

1 

Ψ1 𝐾 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
− Ψ2 𝐼 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
+ Ψ3 

×
⎡ ⎢ ⎢ ⎢ ⎣ 

2 𝜂
𝑟 
√
𝑠 ∕ 𝑐 2 

𝐹 5 𝐹 8 

𝐾 0 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 2 

)+ 

2 𝜂Ψ2 

𝑟 
√
𝑠 ∕ 𝑐 1 

𝐹 6 + 

2 𝜂Ψ1 

𝑟 
√
𝑠 ∕ 𝑐 1 

𝐹 7 − 

𝑟 2 
𝑤 

𝑟 2 
𝐹 3 

⎤ ⎥ ⎥ ⎥ ⎦ 
(39) 

̃𝜃𝜃2 = 

1 
𝑠 

𝑄𝜇

2 𝜋𝑟 𝑤 𝑏 𝑘 1 
√
𝑠 ∕ 𝑐 1 

1 

Ψ1 𝐾 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
− Ψ2 𝐼 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
+ Ψ3 

×
⎡ ⎢ ⎢ ⎢ ⎣ 
𝑟 2 
𝑤 

𝑟 2 
𝐹 3 − 

2 𝜂𝐹 8 
(
𝐹 5 + 𝑟 

√
𝑠 ∕ 𝑐 2 𝐾 0 

(
𝑟 
√
𝑠 ∕ 𝑐 2 

))
𝑟 
√
𝑠 ∕ 𝑐 2 𝐾 0 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 2 

) − 

2 𝜂Ψ2 

𝑟 
√
𝑠 ∕ 𝑐 1 

𝐹 6 − 

2 𝜂Ψ1 

𝑟 
√
𝑠 ∕ 𝑐 1 

𝐹 7 

⎤⎥⎥⎥⎦
(40

̃𝑧𝑧 2 = − 

1 
𝑠 

𝑄𝜇

2 𝜋𝑟 𝑤 𝑏 𝑘 1 
√
𝑠 ∕ 𝑐 1 

𝐾 0 

(
𝑟 
√
𝑠 ∕ 𝑐 2 

)
𝐾 0 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 2 

)
×

2 𝜂𝐹 8 
Ψ1 𝐾 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
− Ψ2 𝐼 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
+ Ψ3 

(41) 

̃ 𝑟 2 = 

1 
𝑠𝐺 

𝑄𝜇

2 𝜋𝑟 𝑤 𝑏 𝑘 1 
√
𝑠 ∕ 𝑐 1 

1 

Ψ1 𝐾 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
− Ψ2 𝐼 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
+ Ψ3 

×
⎡ ⎢ ⎢ ⎢ ⎣ 
𝑟 2 
𝑤 

2 𝑟 
𝐹 3 − 

𝜂𝐹 5 𝐹 8 √
𝑠 ∕ 𝑐 2 𝐾 0 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 2 

) − 

𝜂√
𝑠 ∕ 𝑐 1 

Ψ2 𝐹 6 − 

𝜂√
𝑠 ∕ 𝑐 1 

Ψ1 𝐹 7 

⎤ ⎥ ⎥ ⎥ ⎦ 
(42) 

here functions F 5 - F 8 are defined as: 

 5 = 𝐾 1 

(
𝑟 
√
𝑠 ∕ 𝑐 2 

)
− 

𝑟 𝑠 

𝑟 
𝐾 1 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 2 

)
(43)

 6 = 

𝑟 𝑤 

𝑟 
𝐼 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
− 

𝑟 𝑠 

𝑟 
𝐼 1 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 1 

)
(44)

 7 = 

𝑟 𝑠 

𝑟 
𝐾 1 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 1 

)
− 

𝑟 𝑤 

𝑟 
𝐾 1 

(
𝑟 𝑤 

√
𝑠 ∕ 𝑐 1 

)
(45)

 8 = Ψ2 𝐼 0 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 1 

)
+ Ψ1 𝐾 0 

(
𝑟 𝑠 

√
𝑠 ∕ 𝑐 1 

)
(46)

.3. Dimensionless solutions 

Dimensionless solutions were determined using the follow-

ng nondimensional variables from Novakowski (1989) and

eh et al. (2003) : 𝑐 ∗ = 𝑐 2 ∕ 𝑐 1 , 𝑘 ∗ = 𝑘 2 ∕ 𝑘 1 , 𝐶 ∗ 𝑊 = 𝐶 𝑊 ∕ ( 2 𝜋𝑟 2 𝑊 𝑏 𝑆 𝑠 2 ) ,
= 𝑟 ∕ 𝑟 𝑊 , 𝜌𝑠 = 𝑟 𝑆 ∕ 𝑟 𝑊 , 𝑡 ∗ = 𝑐 2 𝑡 ∕ 𝑟 2 𝑊 , 𝛽 = 𝑟 𝑤 

√
𝑠 ∕ 𝑐 2 , 𝜉 = 𝑟 

√
𝑠 ∕ 𝑐 2 ,

 

∗ = 𝑝 ( 2 𝜋𝑏 𝜅2 ) ∕ 𝑄 , 𝜎∗ 
𝑟𝑟 
= 2 𝜋𝑏 𝜅2 𝜎𝑟𝑟 ∕ 𝑄 , 𝜎∗ 

𝜃𝜃
= 2 𝜋𝑏 𝜅2 𝜎𝜃𝜃∕ 𝑄 , 𝜎∗ 

𝑧𝑧 
= 2 𝜋𝑏 𝜅2 𝜎𝑧𝑧 ∕ 𝑄 ,

nd 𝑢 ∗ 
𝑟 
= 2 𝜋𝐺𝑏 𝜅2 𝑢 𝑟 ∕ ( 𝑄 𝑟 𝑊 ) , where t ∗ is the dimensionless time; 𝐶 ∗ 

𝑊 
is a

imensionless measure of the wellbore storage; 𝜌 is the dimensionless

adial distance from the pumping well; 𝜌 is the dimensionless skin
s 
hickness; 𝜎∗ 
𝑟𝑟 

, 𝜎∗ 
𝜃𝜃

, and 𝜎∗ 
𝑧𝑧 

are dimensionless radial, hoop, and axial

tresses, respectively; 𝑢 ∗ 
𝑟 

is dimensionless radial displacement; and p ∗ 

s dimensionless pore pressure change. The hydraulic drawdown, s h , is

elated to the pore pressure drop, p , through: 

 ℎ = 

𝑝 

𝜌𝑓 𝑔 
(47) 

The dimensionless drawdown and its gradient are respectively de-

ned as: 

 

∗ 
ℎ 
= 2 𝜋𝑏𝐾 2 𝑠 ℎ ∕ 𝑄 (48) 

 

∗ 
ℎ,𝜌

= 

𝜕𝑠 ∗ 
ℎ 

𝜕𝜌
(49) 

The Laplace domain solutions for dimensionless variables, obtained

y nondimensionalizing the solutions presented in the previous section,

re given below. 

In the skin zone: 

̃ ∗ 1 = 𝑠̃ ∗ 
ℎ 1 = 

1 
𝑠 

𝑘 ∗ 

𝛽
√
𝑐 ∗ 

Ψ∗ 
2 𝐼 0 

(
𝜌𝛽

√
𝑐 ∗ 
)
+ Ψ∗ 

1 𝐾 0 

(
𝜌𝛽

√
𝑐 ∗ 
)

Ψ∗ 
1 𝐾 1 

(
𝛽
√
𝑐 ∗ 
)
− Ψ∗ 

2 𝐼 1 

(
𝛽
√
𝑐 ∗ 
)
+ Ψ∗ 

3 

(50) 

̃ ∗ 
ℎ 1 ,𝜌 = 

1 
𝑠 

𝑘 ∗ 
[
Ψ∗ 
2 𝐼 1 

(
𝜌𝛽

√
𝑐 ∗ 
)
− Ψ∗ 

1 𝐾 1 

(
𝜌𝛽

√
𝑐 ∗ 
)]

Ψ∗ 
1 𝐾 1 

(
𝛽
√
𝑐 ∗ 
)
− Ψ∗ 

2 𝐼 1 

(
𝛽
√
𝑐 ∗ 
)
+ Ψ∗ 

3 

(51) 

̃ ∗ 
𝑟𝑟 1 = 

1 
𝑠 

𝑘 ∗ 

𝛽
√
𝑐 ∗ 

1 

Ψ∗ 
1 𝐾 1 

(
𝛽
√
𝑐 ∗ 
)
− Ψ∗ 

2 𝐼 1 

(
𝛽
√
𝑐 ∗ 
)
+ Ψ∗ 

3 

×

( 

2 𝜂Ψ∗ 
1 𝐹 

∗ 
1 

𝜌𝛽
√
𝑐 ∗ 

+ 

2 𝜂Ψ∗ 
2 𝐹 

∗ 
2 

𝜌𝛽
√
𝑐 ∗ 

− 

1 
𝜌2 
𝐹 ∗ 3 

) 

(52) 

̃ ∗ 
𝜃𝜃1 = 

1 
𝑠 

𝑘 ∗ 

𝛽
√
𝑐 ∗ 

1 
Ψ∗ 
1 𝐾 1 

(
𝛽
√
𝑐 ∗ 
)
−Ψ∗ 

2 𝐼 1 
(
𝛽
√
𝑐 ∗ 
)
+Ψ∗ 

3 

( 

− 

2 𝜂Ψ∗ 
1 𝐹 

∗ 
1 

𝜌𝛽
√
𝑐 ∗ 

− 

2 𝜂Ψ∗ 
2 𝐹 

∗ 
2 

𝜌𝛽
√
𝑐 ∗ 

+ 

1 
𝜌2 
𝐹 ∗ 3 − 2 𝜂𝐹 ∗ 4 

) (53) 

̃𝑧𝑧 1 = − 

1 
𝑠 

𝑘 ∗ 

𝛽
√
𝑐 ∗ 

2 𝜂𝐹 ∗ 4 
Ψ∗ 
1 𝐾 1 

(
𝛽
√
𝑐 ∗ 
)
− Ψ∗ 

2 𝐼 1 

(
𝛽
√
𝑐 ∗ 
)
+ Ψ∗ 

3 

(54) 

̃ ∗ 
𝑟 1 = 

1 
𝑠 

𝑘 ∗ 

𝛽
√
𝑐 ∗ 

1 

Ψ∗ 
1 𝐾 1 

(
𝛽
√
𝑐 ∗ 
)
− Ψ∗ 

2 𝐼 1 

(
𝛽
√
𝑐 ∗ 
)
+ Ψ∗ 

3 

×

( 

− 

𝜂Ψ∗ 
1 𝐹 

∗ 
1 

𝛽
√
𝑐 ∗ 

− 

𝜂Ψ∗ 
2 𝐹 

∗ 
2 

𝛽
√
𝑐 ∗ 

+ 

1 
2 𝜌
𝐹 ∗ 3 

) 

(55) 

here: 

∗ 
1 = 

𝑘 ∗ √
𝑐 ∗ 
𝐼 0 

(
𝜌𝑠 𝛽

√
𝑐 ∗ 
)
𝐾 1 

(
𝜌𝑠 𝛽

)
+ 𝐼 1 

(
𝜌𝑠 𝛽

√
𝑐 ∗ 
)
𝐾 0 

(
𝜌𝑠 𝛽

)
(56) 

∗ 
2 = 𝐾 1 

(
𝜌𝑠 𝛽

√
𝑐 ∗ 
)
𝐾 0 

(
𝜌𝑠 𝛽

)
− 

𝑘 ∗ √
𝑐 ∗ 
𝐾 0 

(
𝜌𝑠 𝛽

√
𝑐 ∗ 
)
𝐾 1 

(
𝜌𝑠 𝛽

)
(57) 

∗ 
3 = 

𝐶 ∗ 
𝑊 
𝛽𝑘 ∗ √
𝑐 ∗ 

[
Ψ∗ 
2 𝐼 0 

(
𝛽
√
𝑐 ∗ 
)
+ Ψ∗ 

1 𝐾 0 

(
𝛽
√
𝑐 ∗ 
)]

(58) 

 

∗ 
1 = 𝐾 1 

(
𝜌𝛽

√
𝑐 ∗ 
)
− 𝐾 1 

(
𝛽
√
𝑐 ∗ 
)
∕ 𝜌 (59)

 

∗ 
2 = 𝐼 1 

(
𝛽
√
𝑐 ∗ 
)
∕ 𝜌 − 𝐼 1 

(
𝜌𝛽

√
𝑐 ∗ 
)

(60)

 

∗ 
3 = Ψ∗ 

2 𝐼 0 

(
𝛽
√
𝑐 ∗ 
)
+ Ψ∗ 

1 𝐾 0 

(
𝛽
√
𝑐 ∗ 
)

(61)

 

∗ 
4 = Ψ∗ 

2 𝐼 0 

(
𝜌𝛽

√
𝑐 ∗ 
)
+ Ψ∗ 

1 𝐾 0 

(
𝜌𝛽

√
𝑐 ∗ 
)

(62)
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In the formation zone: 

̃ ∗ 2 = 𝑠̃ ∗ 
ℎ 2 = 

1 
𝑠 

𝑘 ∗ 

𝛽
√
𝑐 ∗ 

𝐾 0 ( 𝜌𝛽) 
[
Ψ∗ 
2 𝐼 0 

(
𝜌𝑠 𝛽

√
𝑐 ∗ 
)
+ Ψ∗ 

1 𝐾 0 

(
𝜌𝑠 𝛽

√
𝑐 ∗ 
)]

𝐾 0 
(
𝜌𝑠 𝛽

)[
Ψ∗ 
1 𝐾 1 

(
𝛽
√
𝑐 ∗ 
)
− Ψ∗ 

2 𝐼 1 

(
𝛽
√
𝑐 ∗ 
)
+ Ψ∗ 

3 

] (63)

̃ ∗ 
ℎ 2 ,𝜌 = − 

1 
𝑠 

𝑘 ∗ √
𝑐 ∗ 

𝐾 1 ( 𝜌𝛽) 
[
Ψ∗ 
2 𝐼 0 

(
𝜌𝑠 𝛽

√
𝑐 ∗ 
)
+ Ψ∗ 

1 𝐾 0 

(
𝜌𝑠 𝛽

√
𝑐 ∗ 
)]

𝐾 0 
(
𝜌𝑠 𝛽

)[
Ψ∗ 
1 𝐾 1 

(
𝛽
√
𝑐 ∗ 
)
− Ψ∗ 

2 𝐼 1 

(
𝛽
√
𝑐 ∗ 
)
+ Ψ∗ 

3 

] (64)

̃ ∗ 
𝑟𝑟 2 = 

1 
𝑠 

𝑘 ∗ 

𝛽
√
𝑐 ∗ 

1 

Ψ∗ 
1 𝐾 1 

(
𝛽
√
𝑐 ∗ 
)
− Ψ∗ 

2 𝐼 1 

(
𝛽
√
𝑐 ∗ 
)
+ Ψ∗ 

3 

×

[ 

2 𝜂
𝜌𝛽

𝐹 ∗ 5 𝐹 
∗ 
8 

𝐾 0 
(
𝜌𝑠 𝛽

)+ 

2 𝜂Ψ∗ 
2 𝐹 

∗ 
6 

𝜌𝛽
√
𝑐 ∗ 

+ 

2 𝜂Ψ∗ 
1 𝐹 

∗ 
7 

𝜌𝛽
√
𝑐 ∗ 

− 

𝐹 ∗ 3 

𝜌2 

] 

(65)

̃ ∗ 
𝜃𝜃2 = 

1 
𝑠 

𝑘 ∗ 

𝛽
√
𝑐 ∗ 

1 

Ψ∗ 
1 𝐾 1 

(
𝛽
√
𝑐 ∗ 
)
− Ψ∗ 

2 𝐼 1 

(
𝛽
√
𝑐 ∗ 
)
+ Ψ∗ 

3 

×

[ 

𝐹 ∗ 3 

𝜌2 
− 

2 𝜂
𝜌𝛽

𝐹 ∗ 8 
(
𝐹 ∗ 5 + 𝜌𝛽𝐾 0 ( 𝜌𝛽) 

)
𝐾 0 

(
𝜌𝑠 𝛽

) − 

2 𝜂Ψ∗ 
2 

𝜌𝛽
√
𝑐 ∗ 
𝐹 ∗ 6 − 

2 𝜂Ψ∗ 
1 

𝜌𝛽
√
𝑐 ∗ 
𝐹 ∗ 7 

] 

(66)

̃ ∗ 
𝑧𝑧 2 = − 

1 
𝑠 

𝑘 ∗ 

𝛽
√
𝑐 ∗ 

2 𝜂𝐾 0 ( 𝜌𝛽) 

Ψ∗ 
1 𝐾 1 

(
𝛽
√
𝑐 ∗ 
)
− Ψ∗ 

2 𝐼 1 

(
𝛽
√
𝑐 ∗ 
)
+ Ψ∗ 

3 

𝐹 ∗ 8 

𝐾 0 
(
𝜌𝑠 𝛽

) (67)

̃ ∗ 
𝑟 2 = 

1 
𝑠 

𝑘 ∗ 

𝛽
√
𝑐 ∗ 

1 

Ψ∗ 
1 𝐾 1 

(
𝛽
√
𝑐 ∗ 
)
− Ψ∗ 

2 𝐼 1 

(
𝛽
√
𝑐 ∗ 
)
+ Ψ∗ 

3 

×

[ 

1 
2 𝜌
𝐹 ∗ 3 − 

𝜂𝐹 ∗ 5 𝐹 
∗ 
8 

𝛽𝐾 0 
(
𝜌𝑠 𝛽

) − 

𝜂Ψ∗ 
2 

𝛽
√
𝑐 ∗ 
𝐹 ∗ 6 − 

𝜂Ψ∗ 
1 

𝛽
√
𝑐 ∗ 
𝐹 ∗ 7 

] 

(68)

here: 

 

∗ 
5 = 𝐾 1 ( 𝜌𝛽) − 𝜌𝑠 𝐾 1 

(
𝜌𝑠 𝛽

)
∕ 𝜌 (69)

 

∗ 
6 = 𝐼 1 

(
𝛽
√
𝑐 ∗ 
)
∕ 𝜌 − 𝜌𝑠 𝐼 1 

(
𝜌𝑠 𝛽

√
𝑐 ∗ 
)
∕ 𝜌 (70)

 

∗ 
7 = 𝐾 1 

(
𝜌𝑠 𝛽

√
𝑐 ∗ 
)
𝜌𝑠 ∕ 𝜌 − 𝐾 1 

(
𝛽
√
𝑐 ∗ 
)
∕ 𝜌 (71)

 

∗ 
8 = Ψ∗ 

2 𝐼 0 

(
𝜌𝑠 𝛽

√
𝑐 ∗ 
)
+ Ψ∗ 

1 𝐾 0 

(
𝜌𝑠 𝛽

√
𝑐 ∗ 
)

(72)

. Comparison with existing analytical solutions 

Verification of the analytical solutions derived above was performed

y comparing them to existing solutions in groundwater and poroelastic

iterature. 

.1. Comparison with analytical solutions in groundwater theory 

Replacing the specific storage defined in Eq. (10) with the spe-

ific storage used in the groundwater flow model Eq. (87) avoids the

oroelastic effects, and therefore Eqs. (50) and (63) can be reduced to

he solutions of Novakowski (1989) .When and the pumping well has

 finite diameter but negligibly small storage, setting 𝐶 ∗ 
𝑊 

= 0 reduces

qs. (50) and (63) to: 

̃ ∗ 
ℎ 1 = 

1 
𝑠 

𝑘 ∗ 

𝛽
√
𝑐 ∗ 

Ψ∗ 
2 𝐼 0 

(
𝜌𝛽

√
𝑐 ∗ 
)
+ Ψ∗ 

1 𝐾 0 

(
𝜌𝛽

√
𝑐 ∗ 
)

Ψ∗ 
1 𝐾 1 

(
𝛽
√
𝑐 ∗ 
)
− Ψ∗ 

2 𝐼 1 

(
𝛽
√
𝑐 ∗ 
) (73)

nd: 

̃ ∗ 
ℎ 2 = 

1 
𝑠 

𝑘 ∗ 

𝛽
√
𝑐 ∗ 

𝐾 0 ( 𝜌𝛽) 
[
Ψ∗ 
2 𝐼 0 

(
𝜌𝑠 𝛽

√
𝑐 ∗ 
)
+ Ψ∗ 

1 𝐾 0 

(
𝜌𝑠 𝛽

√
𝑐 ∗ 
)]

𝐾 0 
(
𝜌𝑠 𝛽

)[
Ψ∗ 
1 𝐾 1 

(
𝛽
√
𝑐 ∗ 
)
− Ψ∗ 

2 𝐼 1 

(
𝛽
√
𝑐 ∗ 
)] (74)
espectively, which agree with the solutions of Yeh et al. (2003) . When

he fully penetrating pumping well has storage but lacks skin zone, set-

ing c ∗ = 1, k ∗ = 1, and 𝜌s = 1 reduces Eq. (63) to: 

̃ ∗ 
ℎ 2 = 

1 
𝑠 

1 
𝛽

𝐾 0 ( 𝜌𝛽) [
𝐾 1 ( 𝛽) + 𝛽𝐶 ∗ 

𝑊 
𝐾 0 ( 𝛽) 

] (75)

hich is identical to Eq. (2) of Papadopulos and Cooper (1967) . When

he pumping well has an infinitesimal radius and a finite-thickness skin

one, setting 𝛽 → 0 and using lim 

𝑥 →0 
[ 𝑥 𝐾 1 ( 𝑥 )] = 1 reduces Eqs. (50) and

63) to: 

̃ ∗ 
ℎ 1 = 

𝑘 ∗ 

𝑠 

[ 

𝐾 0 

(
𝜌𝛽

√
𝑐 ∗ 
)
+ 

Ψ∗ 
2 

Ψ∗ 
1 
𝐼 0 

(
𝜌𝛽

√
𝑐 ∗ 
)] 

(76)

nd: 

̃ ∗ 
ℎ 2 = 

1 
𝑠 

𝑘 ∗ 

𝜌𝑠 𝛽
√
𝑐 ∗ 

𝐾 0 ( 𝜌𝛽) 
Ψ∗ 
1 

(77)

espectively, which are consistent with Eqs. (16) and (17) of

utler (1988) . 

When the skin zone is absent, the two equations further reduce to: 

̃ ∗ 
ℎ 2 = 

𝐾 0 ( 𝜌𝛽) 
𝑠 

(78)

hich is the Laplace transform of the Theis solution ( Theis, 1935 ). 

.2. Comparison with analytical solutions in poroelastic theory 

When the pumping well has a finite radius and no skin zone but

egligibly small storage in a uniform aquifer, setting 𝐶 ∗ 
𝑊 

= 0 , c ∗ = 1,

 

∗ = 1, and 𝜌s = 1, reduces Eq. (63) to: 

̃ ∗ 
ℎ 2 = 

1 
𝑠 

1 
𝛽

𝐾 0 ( 𝜌𝛽) 
𝐾 1 ( 𝛽) 

(79) 

hich is in agreement with Eq. (7.645) of Cheng (2016) . Eqs. (52) and

65) reduce to: 

̃ ∗ 
𝑟𝑟 1 = 𝜎̃∗ 

𝑟𝑟 2 = 

1 
𝑠 

2 𝜂
𝜌𝛽2 

[ 
𝐾 1 ( 𝜌𝛽) 
𝐾 1 ( 𝛽) 

− 

1 
𝜌

] 
− 

1 
𝑠 

1 
𝜌2 𝛽

𝐾 0 ( 𝛽) 
𝐾 1 ( 𝛽) 

(80)

Eqs. (53) and (66) reduce to: 

̃ ∗ 
𝜃𝜃1 = 𝜎̃∗ 

𝜃𝜃2 = 

1 
𝑠 

1 
𝜌2 𝛽

𝐾 0 ( 𝛽) 
𝐾 1 ( 𝛽) 

− 

2 𝜂
𝑠 

[ 
𝐾 1 ( 𝜌𝛽) 
𝜌𝛽2 𝐾 1 ( 𝛽) 

− 

1 
𝜌2 𝛽2 

+ 

𝐾 0 ( 𝜌𝛽) 
𝛽𝐾 1 ( 𝛽) 

] 
(81)

From Eqs. (79) to (81) , we can get the Terzaghi’s effective radial and

oop stresses as follows: 

̃ ∗ 
′
𝑟𝑟 

= 

1 
𝑠 

2 𝜂
𝜌𝛽2 

[ 
𝐾 1 ( 𝜌𝛽) 
𝐾 1 ( 𝛽) 

− 

1 
𝜌

] 
− 

1 
𝑠 

1 
𝜌2 𝛽

𝐾 0 ( 𝛽) 
𝐾 1 ( 𝛽) 

+ 

1 
𝑠 

1 
𝛽

𝐾 0 ( 𝜌𝛽) 
𝐾 1 ( 𝛽) 

(82)

̃ ∗ 
′
𝜃𝜃

= 

1 
𝑠 

1 
𝜌2 𝛽

𝐾 0 ( 𝛽) 
𝐾 1 ( 𝛽) 

− 

2 𝜂
𝑠 

[ 
𝐾 1 ( 𝜌𝛽) 
𝜌𝛽2 𝐾 1 ( 𝛽) 

− 

1 
𝜌2 𝛽2 

+ 

𝐾 0 ( 𝜌𝛽) 
𝛽𝐾 1 ( 𝛽) 

] 
+ 

1 
𝑠 

1 
𝛽

𝐾 0 ( 𝜌𝛽) 
𝐾 1 ( 𝛽) 

(83) 

Eqs. (82) and (83) agree with Eqs. (7.734) and (7.735) of

heng (2016) , respectively. 

. Results and discussion 

To obtain the solutions in the time domain, we carried out an inverse

aplace transform using the Stehfest algorithm ( Stehfest, 1970 ) because

f its computational efficiency and accuracy, which is given by: 

( 𝑡 ) = 

ln 2 
𝑡 

𝑁 ∑
𝑖 =1 
𝑉 𝑖 𝑓 ( 

ln 2 
𝑡 
𝑖 ) (84)

here: 

 𝑖 = (−1) 𝑖 + 𝑁∕2 
min ( 𝑖,𝑁∕2 ) ∑
𝑘 = 

[
𝑖 +1 
2 

] 𝑘 𝑁∕2 ( 2 𝑘 ) ! 
( 𝑁∕2 − 𝑘 ) ! 𝑘 !( 𝑘 − 1)!( 𝑖 − 𝑘 )!(2 𝑘 − 𝑖 )! 

(85)
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Table 1 

Hydromechanical properties used in the numerical analysis. 

Symbol Definition Berea sandstone Tennessee marble 

G Shear modulus 6 GPa 24 GPa 

K Bulk modulus 8 GPa 40 GPa 

K s Grain bulk modulus 36 GPa 50 GPa 

K f Fluid bulk modulus 2.25 GPa 2.25 GPa 

𝜙 Porosity 0.19 0.02 

k Intrinsic permeability 1.9 × 10 − 13 m 

2 1.0 × 10 − 19 m 

2 

μ Fluid viscosity 1.0 × 10 − 3 Pa-s 1.0 × 10 − 3 Pa-s 

𝛼 Biot coefficient 0.778 0.2 

B Skempton coefficient 0.551 0.371 
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We use N = 10 in our numerical inversion. The main challenges in

he numerical inversion of the Laplace transform lie in the singularity

f the modified Bessel function of first kind of zero order and first order

t a very large s . The following asymptotic expansions are used for a

arge s ( Abramowitz and Stegun, 1964 ) 

 0 ( 𝑠 ) ≈
exp ( 𝑠 ) √

2 𝜋𝑠 

( 

1 + 

1 
8 𝑠 

+ 

9 
128 𝑠 2 

) 

, 𝐼 1 ( 𝑠 ) ≈
exp ( 𝑠 ) √

2 𝜋𝑠 

( 

1 − 

3 
8 𝑠 

− 

15 
128 𝑠 2 

) 

(86) 

In the numerical examples considered here, sandstone and marble

re used as two representative materials for illustrative purposes. These

wo rocks represent systems with widely different hydromechanical

roperties. Sandstone aquifers are prominently featured in groundwater

esources studies, whereas the study of marble reservoirs is more useful

or applications in which low permeability is encountered or is desired,

uch as studying enhanced geothermal systems, nuclear waste reposito-

ies, or carbon sequestration methods. Table 1 lists the hydromechani-

al properties of Berea sandstone and Tennessee marble as reported in

ang (2000) and Cheng (2016) . We focused on the effects of poroelastic

oupling on the transient drawdown behavior. A parametric study was

erformed to investigate the sensitivity of drawdown to variations in

hysical parameters, including skin type, skin thickness, and wellbore

torage. 

.1. Effects of poroelasticity 

Before we explore the effects of poroelastic deformation on the tran-

ient drawdown, it is instructive to compare the fully coupled poroelas-

ic formulations to the uncoupled groundwater flow theory. The govern-

ng equation for transient flow widely used in conventional groundwater

heory is ( Yeh and Chang, 2013 ): 

 

2 𝑠 ℎ = 

𝑆 𝑠 

𝐾 

𝜕 𝑠 ℎ 

𝜕𝑡 
(87) 

here s h is the drawdown in the aquifer, S s is the specific storage coef-

cient, and K is the hydraulic conductivity. Hydraulic conductivity, K ,

s related to permeability, k , by 𝐾 = 𝜌𝑓 𝑔𝑘 ∕ 𝜇. Under the assumption of

onstant vertical stress and uniaxial deformation, the specific storage in

lassical groundwater theory is given as ( Jacob, 1940 ): 

 𝑠 = 𝜌𝑔( 1 
𝐾 𝑉 

+ 

𝜙

𝐾 𝑓 

) (88)

In the Jacob’s equation for specific storage that is commonly used

n groundwater flow theory, solid grains are assumed incompressible,

hich results in a higher specific storage than the storage calculated

sing Eq. (10) in poroelasticity. Therefore, the uncoupled groundwater

heory overestimates the specific storage, and consequently underesti-

ates the hydraulic diffusivity and predicts a lower drawdown com-

ared with the coupled poroelasticity under identical pumping test con-

itions. The second key difference between groundwater theory and

oroelasticity can be observed by comparing Eqs. (9) and (87) . In poroe-

asticity, the linear combination of pore pressure and mean stress fol-

ows the diffusion equation. Mathematically, the rate of changes in mean
tress with respect to time is equivalent to a fluid source. In groundwa-

er theory, however, hydraulic drawdown (and therefore pore pressure

hange) satisfies a homogeneous diffusion equation. 

To separate the effect of poroelastic deformation from wellbore stor-

ge and skin zone, we use the following parameters: 𝐶 ∗ 
𝑊 

= 0 , c ∗ = 1,

nd k ∗ = 1. Figs. 2 a and b show a comparison of the dimensionless

rawdown predicted using groundwater theory and coupled poroelas-

icity as a function of radial distance from the pumping well at various

ondimensional times for sandstone and marble, respectively. At a given

ime, hydraulic drawdown decreases monotonically with increasing dis-

ance from the pumping well. At the pumping well, drawdown increases

teadily with increasing time. The general trends of the radial distribu-

ion of drawdown are similar for sandstone and marble, and groundwa-

er theory is seen to underestimate the drawdown at the pumping well.

or sandstone, the drawdown distribution obtained from poroelasticity

s slightly higher than that obtained from groundwater theory at the

ame time. For marble, the observed difference in drawdown distribu-

ion is significantly higher. This phenomenon can be explained by exam-

ning the difference in specific storage in Eqs. (10) and (88) and noting

he contribution of volumetric deformation to the changes in pore pres-

ure. For marble, the calculated specific storage using Jacob’s Eq. (88) is

5% larger than the specific storage calculated using Eq. (10) , which

ncorporated poroelasticity. For sandstone, the difference is approxi-

ately 8%. Therefore, for marble, groundwater theory overestimates

pecific storage and significantly underestimates the hydraulic diffusiv-

ty, leading to a smaller magnitude and slower evolution of drawdown.

urthermore, Eq. (5) indicates that pore pressure changes (drawdowns)

ome from two sources: (1) fluid released from storage and (2) volumet-

ic deformation of the matrix due to the Skempton effect. The ground-

ater theory underestimates the drawdown without capturing pumping-

nduced volumetric deformation. The sharp difference in drawdown pre-

iction for marble highlights the significance of including poroelasticity

n estimating hydraulic parameters based on pumping test conducted in

ow-permeable aquifers and reservoirs. 

Using the same parameters as those used in Figs. 2 , 3 a and 3 b show

he influence of poroelasticity on the radial distribution of the nondi-

ensional drawdown gradient at different normalized times for sand-

tone and marble, respectively. The nondimensional drawdown anal-

sis provides a general hydrodynamic conceptual framework to rep-

esent the transient evolution of the shape of the pressure-front pulse

hat diffuses throughout an aquifer during pumping ( Barker, 1988 ;

erroud et al., 2019 ). It is evident that at a given location, the draw-

own gradient deceases with increasing time. At a given time, draw-

own gradient decreases steadily with increases in the radial distance

rom the pumping well. As expected, the drawdown gradient for sand-

tone is marginally sensitive to poroelastic deformation. For marble,

roundwater theory underestimates the drawdown gradient slightly at

he beginning of the pumping test and the differences increases with

ncreasing time. 

.2. Effects of skin types 

To examine the effects of skin types on aquifer response, temporal

volution of dimensionless drawdown distributions are shown in Figs.

 and 5 at the pumping well ( 𝜌 = 1) and at a hypothetical observation

ell located at 𝜌 = 100 for conditions described by 𝜌s = 3, 𝐶 ∗ 
𝑊 

= 0 , with

 

∗ ranging from 0.1 to 10. Note that k ∗ = 1 represents the case of a homo-

eneous formation, whereas k ∗ = 0.1 and k ∗ = 10 represent the negative

nd positive skin zone, respectively. The pumping well with a positive

kin zone has a remarkably larger drawdown than those without a skin

one or with a negative skin zone. This can be explained by observing

hat in the case of a positive skin, the permeability of the skin zone is

maller than the permeability of the formation. It also takes longer to

ompensate for the diffusion induced pressure loss to maintain a con-

tant pumping rate at the wellbore. For a negative skin, pore pressure

iffuses quickly from the formation to the wellbore, and so a small draw-
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Fig. 2. Poroelastic effects on the radial distribution of dimensionless drawdown in (a) sandstone and (b) marble at various dimensionless times for 𝐶 ∗ 
𝑊 

= 0 , c ∗ = 1, 

and k ∗ = 1. 

Fig. 3. Poroelastic effects on the radial distribution of dimensionless drawdown gradient in (a) sandstone and (b) marble at various dimensionless times for 𝐶 ∗ 
𝑊 

= 0 , 
c ∗ = 1, and k ∗ = 1. 

Fig. 4. Effects of skin types on temporal evolution of dimensionless drawdown in (a) sandstone and (b) marble at the pumping well ( 𝜌 = 1) for 𝜌s = 3, and 𝐶 ∗ 
𝑊 

= 0 . 
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Fig. 5. Effects of skin types on temporal evolution of dimensionless drawdown in (a) sandstone and (b) marble at the observation well ( 𝜌 = 100) for 𝜌s = 3, and 

𝐶 ∗ 
𝑊 

= 0 . 

Fig. 6. Effects of skin thickness on temporal evolution of dimensionless drawdown in (a) sandstone and (b) marble at the pumping well ( 𝜌 = 1) for k ∗ = 10, and 

𝐶 ∗ 
𝑊 

= 0 . 
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t  
own (pore pressure decrease) is observed at the pumping well. Draw-

own is more affected by the positive skin than by the negative skin,

specially in the vicinity of the pumping well. At the observation well

 𝜌 = 100), the skin effect is negligible as seen by a nearly complete over-

ap of drawdown curves for the three k ∗ values in Fig. 5 . For sandstone,

he magnitude of drawdown at the wellbore predicted from groundwa-

er theory is close to that predicted from poroelasticity. For marble, the

agnitude of drawdown at the pumping well obtained from ground-

ater theory is smaller than that obtained from poroelasticity, and the

ifference is more pronounced at early pumping time ( t ∗ < 30). At the

bservation well, the magnitude of poroelasticity-based drawdown is

ignificantly greater than that predicted from groundwater theory at a

ong pumping time ( t ∗ > 1000). For example, at t ∗ = 10,000 the drawdown

t 𝜌 = 100 from poroelasticity is approximately 36% greater than that

redicted from groundwater theory. 

.3. Effects of skin thickness 

To investigate the sensitivity of drawdown to a pumping test in a

ell with variable skin thickness, we studied a well with positive skin

 k ∗ = 10) of variable thickness ( 𝜌s = 1, 3, and 10) and plotted the evolu-

ion of drawdown at the pumping well ( 𝜌 = 1) and at the observation

ell ( 𝜌 = 100) in Figs. 6 and 7 , respectively. Note that 𝜌s = 1 denotes the
ase of a pumping well without a skin zone. It is evident from Fig. 6 that

he drawdown at the pumping well increases with the increasing thick-

ess of the positive skin zone. A positive skin means a lower permeability

n the skin zone than in the formation, and therefore a thicker positive

kin means that groundwater replenishment into the well takes longer

hrough the skin zone. At the observation well ( 𝜌 = 100), the drawdowns

re not sensitive to the thickness of the skin zone, which suggests that

kin zone properties (type and thickness) play a minor role in far-field

rawdowns. 

.4. Effects of wellbore storage 

To investigate the effects of wellbore storage on aquifer performance

n response to pumping tests from wells with different storage, we mea-

ured the drawdowns at the pumping well ( 𝜌 = 1) and at the observa-

ion well ( 𝜌 = 100). Figs. 8 and 9 show the pumping and observation

ell drawdowns corresponding wellbore storage based on the following

hysical parameters: 𝜌s = 3, k ∗ = 10, and c ∗ = 10. There are two notewor-

hy features. First, wellbore storage delays the migration of groundwa-

er from the formation to the well. Increasing wellbore storage results

n an appreciable decrease in drawdown at the pumping well and at

he observation well (which can be seen by comparing the extent of

he vertical axes in Figs. 8 and 9 to those of Fig. 4 through 7). Second,
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Fig. 7. Effects of skin thickness on temporal evolution of dimensionless drawdown in (a) sandstone and (b) marble at the observation well ( 𝜌 = 100) for k ∗ = 10, and 

𝐶 ∗ 
𝑊 

= 0 . 

Fig. 8. Effects of wellbore storage on the temporal evolution of dimensionless drawdown in (a) sandstone and (b) marble at the pumping well ( 𝜌 = 1) for 𝜌s = 3, 

k ∗ = 10, and c ∗ = 10. 

Fig. 9. Effects of wellbore storage on temporal evolution of dimensionless drawdown in (a) sandstone and (b) marble at the observation well ( 𝜌 = 100) for 𝜌s = 3, 

k ∗ = 10, and c ∗ = 10. 
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Fig. 10. Pumping induced dimensionless (a) radial, (b) hoop, and (c) axial stress changes in marble for 𝜌s = 3, k ∗ = 10, and 𝐶 ∗ 
𝑊 

= 2 . 2 ∗ 10 4 . 
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oroelastic effect is largely masked by the wellbore storage effect, so

he drawdown predicted at the pumping well using groundwater theory

s indistinguishable from drawdown associated with poroelasticity. This

ondition is applicable to both sandstone and marble, and it is more

ronounced in the vicinity of the pumping well. 

.5. Pumping induced stress changes 

For illustrative purposes, Fig. 10 shows the pumping induced radial,

oop, and axial stresses as functions of radial distance at various di-

ensionless times for marble with the following physical parameters: 𝜌s 

 3, k ∗ = 10, and 𝐶 ∗ 
𝑊 

= 2 . 2 ∗ 10 4 . It is evident that poroelastic stresses de-

elop significantly in the skin zone, especially at early time. At a given

ime, induced stresses drop sharply with increasing distance from the

umping well. At a given location, compressive hoop stress and tensile

adial/axial stress progressively increase with time. The axial stress ex-

ibits a sharp change in slope at the interface of the skin zone with the

ormation (set at 𝜌 = 3 in these examples). The magnitude of axial stress

s comparatively smaller than the magnitude of radial and hoop stresses,

ut the axial stress decreases more slowly with respect to distance, re-

ulting in appreciable values of axial stress far away from the pumping

ell at late times. The hoop stress is directly related to the borehole in-

egrity (i.e., when the Terzaghi effective hoop stress at the borehole wall

eaches the tensile strength of the rock matrix, tensile fracture initiates

t the borehole wall and breakdown occurs). Eq. (53) and Fig. ( 10 b)

an therefore be used to set the upper-bound limits for pumping rates,

hich would generate measurable pressure drawdowns without causing

ellbore breakdown. 
. Conclusions 

This paper derives analytical solutions for transient flow to a finite-

adius well in a poroelastic confined aquifer that is subjected to a

onstant-rate pumping. The solutions presented herein, which unify the

roundwater solutions of Novakowski (1989) and the poroelasticity so-

utions of Cheng (2016) simultaneously account for the effects and inter-

ctions of a finite-thickness skin zone, wellbore storage, and poroelastic

eformation on hydraulic drawdown in the pumping well and in the

bservation wells. For a uniform aquifer and a finite radius well with-

ut storage, the presented Laplace domain solutions have been shown

o reduce to the Cheng (2016) solution. When the combined effects of

ellbore storage and finite-thickness skin zone are significant but poroe-

astic effect is not strong, our solutions agree with those presented in

ovakowski (1989) . Therefore, the following conclusions can be drawn

rom this study: 

1) For constant-rate pumping tests conducted in low-permeable, con-

fined hard rocks, groundwater theory significantly underestimates

the hydraulic drawdown in the pumping well compared with the

drawdown predicted from poroelasticity, especially when a positive

skin is present. Hydraulic drawdowns in far-field observation wells

are sensitive to poroelastic effects. For high-permeable rocks, there

is a slight difference between the drawdowns predicted from classic

groundwater theory and poroelasticity. 

2) Under otherwise same conditions, a wellbore with a positive skin

undergoes greater drawdowns than wellbores with a negative skin

or without any skin. The well skin zone has a negligibly small effect

on far-field drawdowns. 



Z. Fan and R. Parashar Advances in Water Resources 142 (2020) 103604 

(  

 

 

e  

s  

i  

p  

m  

p

D

C

 

a  

P

A

 

r  

T  

R  

s

A

 

t

 

𝜍  

w

 

i

𝜀  

w  

a

𝑢

w

 

T  

t

𝜎

𝜎

𝜎  

𝑝  

𝑞

 

p

𝜍  

𝜎

𝜎

𝜎

𝑝  

𝑞

w  

a

𝐵  

 

t

−

−

2

 

3) Wellbore storage significantly delays drawdowns at the pumping

well and tends to mask the poroelastic effect in the vicinity of the

pumping well. 

The solutions developed in this paper can be used to investigate the

ffects of poroelastic deformation, skin zone properties, and wellbore

torage on the drawdown distribution in the pumping well, as well as

n the observation wells. This information provides useful guidance to

ractitioners to analyze and interpret pumping tests, determine the opti-

al placement of observation wells, and set appropriate well operation

arameters to ensure wellbore integrity. 
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ppendix A. Derivation of Eqs. (26 –46 ) 

Applying the Laplace transform of governing Eq. (8) for fluid varia-

ion, 𝜁 , in the skin zone with respect to time, t , yields: 

𝑑 2 𝜍̃ 1 
𝑑 𝑟 2 

+ 

1 
𝑟 

𝑑 ̃𝜍 1 
𝑑𝑟 

− 

𝑠 

𝑐 1 
𝜍̃ 1 = 0 (A.1)

The general solution of (A.1) is: 

̃
 1 ( 𝑟, 𝑠 ) = 𝐴 1 ( 𝑟, 𝑠 ) 𝐼 0 ( 𝑟 

√
𝑠 ∕ 𝑐 1 ) + 𝐴 2 ( 𝑟, 𝑠 ) 𝐾 0 ( 𝑟 

√
𝑠 ∕ 𝑐 1 ) (A.2)

here A 1 and A 2 are two integration constants. 

Applying the Laplace transform to Eq. (13) and integrating the result

n: 

̃ 𝑘𝑘 1 ( 𝑟, 𝑠 ) = 

𝜂

𝐺 𝑆 1 
𝜍̃ 1 ( 𝑟, 𝑠 ) + 2 𝐴 3 (A.3)

here 𝜂 = 𝛼
1−2 𝜈
2( 1− 𝜈) and 𝑆 1 = 

( 1− 𝜈𝑢 )( 1−2 𝜈) 
𝑀( 1− 𝜈)( 1−2 𝜈𝑢 ) 

are two poroelastic constants,

nd A 3 is an integration constant. 

Substituting and integrating Eq. (7) into the above equation gives: 

̃ 𝑟 1 = 

1 
𝑟 

𝜂

𝐺 𝑆 1 ∫ 𝑟 ̃𝜍 1 𝑑𝑟 + 𝐴 3 𝑟 + 

𝐴 4 
𝑟 

= 

𝜂

𝐺 𝑆 1 
𝐴 1 
𝐼 1 ( 𝑟 

√
𝑠 ∕ 𝑐 1 ) √
𝑠 ∕ 𝑐 1 

− 

𝜂

𝐺 𝑆 1 
𝐴 2 
𝐾 1 ( 𝑟 

√
𝑠 ∕ 𝑐 1 ) √
𝑠 ∕ 𝑐 1 

+ 𝐴 3 𝑟 + 

𝐴 4 
𝑟 

(A.4) 

here A 4 is an integration constant. 

Using Eq. (6) , we can get the Laplace transform of strain components.

hen, the skin zone stress components, pore pressure, and fluid flux in

he Laplace domain are given by: 

̃𝑟𝑟 1 = − 

2 𝜂
𝑆 1 
𝐴 1 
𝐼 1 ( 𝑟 

√
𝑠 ∕ 𝑐 1 ) 

𝑟 
√
𝑠 ∕ 𝑐 1 

+ 

2 𝜂
𝑆 1 
𝐴 2 
𝐾 1 ( 𝑟 

√
𝑠 ∕ 𝑐 1 ) 

𝑟 
√
𝑠 ∕ 𝑐 1 

+ 

2 𝐺 
1 − 2 𝜈𝑢 

𝐴 3 − 

2 𝐺 
𝑟 2 
𝐴 4 

(A.5) 
t  
̃𝜃𝜃1 = 

2 𝜂
𝑆 1 
𝐴 1 

⎡ ⎢ ⎢ ⎢ ⎣ 
𝐼 1 

(
𝑟 
√
𝑠 ∕ 𝑐 1 

)
𝑟 
√
𝑠 ∕ 𝑐 1 

− 𝐼 0 

(
𝑟 
√
𝑠 ∕ 𝑐 1 

)⎤ ⎥ ⎥ ⎥ ⎦ − 

2 𝜂
𝑆 1 
𝐴 2 

×
⎡ ⎢ ⎢ ⎢ ⎣ 
𝐾 1 

(
𝑟 
√
𝑠 ∕ 𝑐 1 

)
𝑟 
√
𝑠 ∕ 𝑐 1 

+ 𝐾 0 

(
𝑟 
√
𝑠 ∕ 𝑐 1 

)⎤ ⎥ ⎥ ⎥ ⎦ + 

2 𝐺 
1 − 2 𝜈𝑢 

𝐴 3 + 

2 𝐺 
𝑟 2 
𝐴 4 (A.6) 

̃𝑧𝑧 1 = − 

2 𝜂
𝑆 1 
𝐴 1 𝐼 0 ( 𝑟 

√
𝑠 ∕ 𝑐 1 ) − 

2 𝜂
𝑆 1 
𝐴 2 𝐾 0 ( 𝑟 

√
𝑠 ∕ 𝑐 1 ) + 

4 𝐺 𝜈𝑢 
1 − 2 𝜈𝑢 

𝐴 3 (A.7)

̃ 1 = 𝐴 1 𝐼 0 ( 𝑟 
√
𝑠 ∕ 𝑐 1 ) ∕ 𝑆 1 + 𝐴 2 𝐾 0 ( 𝑟 

√
𝑠 ∕ 𝑐 1 ) ∕ 𝑆 1 − 2 𝛼𝑀 𝐴 3 (A.8)

̃ 𝑟 1 = − 𝐴 1 
𝑘 1 
𝜇

√
𝑠 ∕ 𝑐 1 𝐼 1 

(
𝑟 
√
𝑠 ∕ 𝑐 1 

)
∕ 𝑆 1 + 𝐴 2 

𝑘 1 
𝜇

√
𝑠 ∕ 𝑐 1 𝐾 1 

(
𝑟 
√
𝑠 ∕ 𝑐 1 

)
∕ 𝑆 1 (A.9) 

Similarly, we get the Laplace transform of stress, pore pressure, dis-

lacement, and variation of fluid in the formation as follows: 

̃
 2 ( 𝑟, 𝑠 ) = 𝐵 1 ( 𝑟, 𝑠 ) 𝐼 0 ( 𝑟 

√
𝑠 ∕ 𝑐 2 ) + 𝐵 2 ( 𝑟, 𝑠 ) 𝐾 0 ( 𝑟 

√
𝑠 ∕ 𝑐 2 ) (A.10)

̃𝑟𝑟 2 = − 

2 𝜂
𝑆 2 
𝐵 1 
𝐼 1 ( 𝑟 

√
𝑠 ∕ 𝑐 2 ) 

𝑟 
√
𝑠 ∕ 𝑐 2 

+ 

2 𝜂
𝑆 2 
𝐵 2 
𝐾 1 ( 𝑟 

√
𝑠 ∕ 𝑐 2 ) 

𝑟 
√
𝑠 ∕ 𝑐 2 

+ 

2 𝐺 
1 − 2 𝜈𝑢 

𝐵 3 − 

2 𝐺 
𝑟 2 
𝐵 4 

(A.11) 

̃𝜃𝜃2 = 

2 𝜂
𝑆 2 
𝐵 1 

⎡ ⎢ ⎢ ⎢ ⎣ 
𝐼 1 

(
𝑟 
√
𝑠 ∕ 𝑐 2 

)
𝑟 
√
𝑠 ∕ 𝑐 2 

− 𝐼 0 

(
𝑟 
√
𝑠 ∕ 𝑐 2 

)⎤ ⎥ ⎥ ⎥ ⎦ − 

2 𝜂
𝑆 2 
𝐵 2 

×
⎡ ⎢ ⎢ ⎢ ⎣ 
𝐾 1 

(
𝑟 
√
𝑠 ∕ 𝑐 2 

)
𝑟 
√
𝑠 ∕ 𝑐 2 

+ 𝐾 0 

(
𝑟 
√
𝑠 ∕ 𝑐 2 

)⎤ ⎥ ⎥ ⎥ ⎦ + 

2 𝐺 
1 − 2 𝜈𝑢 

𝐵 3 + 

2 𝐺 
𝑟 2 
𝐵 4 (A.12) 

̃zz 2 = − 

2 𝜂
𝑆 2 
𝐵 1 𝐼 0 

(
𝑟 
√
𝑠 ∕ 𝑐 2 

)
− 

2 𝜂
𝑆 2 
𝐵 2 𝐾 0 

(
𝑟 
√
𝑠 ∕ 𝑐 2 

)
+ 

4 𝐺𝜈𝑢 
1 − 2 𝜈𝑢 

𝐵 3 (A.13) 

̃ 2 = 

1 
𝑆 2 
𝐵 1 𝐼 0 ( 𝑟 

√
𝑠 ∕ 𝑐 2 ) + 

1 
𝑆 2 
𝐵 2 𝐾 0 ( 𝑟 

√
𝑠 ∕ 𝑐 2 ) − 2 𝛼𝑀 𝐵 3 (A.14)

̃ 𝑟 2 = − 𝐵 1 
𝑘 2 
𝜇

√
𝑠 ∕ 𝑐 2 𝐼 1 

(
𝑟 
√
𝑠 ∕ 𝑐 2 

)
∕ 𝑆 2 + 𝐵 2 

𝑘 2 
𝜇

√
𝑠 ∕ 𝑐 2 𝐾 1 

(
𝑟 
√
𝑠 ∕ 𝑐 2 

)
∕ 𝑆 2 

(A.15) 

here B 1 - B 4 are constants to de determined by the boundary conditions

nd continuity conditions at the skin/formation interface. 

The boundary condition (19) requires that: 

 1 = 𝐵 3 = 0 (A.16)

Application of the Laplace transform to the boundary conditions at

he wellbore (20) -( 21 ) using equations ( A.5 ) and ( A.8 ) yields: 

 

2 𝜂
𝑆 1 
𝐴 1 
𝐼 1 ( 𝑟 𝑊 

√
𝑠 ∕ 𝑐 1 ) 

𝑟 𝑊 

√
𝑠 ∕ 𝑐 1 

+ 

2 𝜂
𝑆 1 
𝐴 2 
𝐾 1 ( 𝑟 𝑊 

√
𝑠 ∕ 𝑐 1 ) 

𝑟 𝑊 

√
𝑠 ∕ 𝑐 1 

+ 

2 𝐺 
1−2 𝜈𝑢 

𝐴 3 − 

2 𝐺 
𝑟 2 
𝑊 

𝐴 4 = 

 

[
𝐴 1 𝐼 0 ( 𝑟 𝑊 

√
𝑠 ∕ 𝑐 1 ) ∕ 𝑆 1 + 𝐴 2 𝐾 0 ( 𝑟 𝑊 

√
𝑠 ∕ 𝑐 1 ) ∕ 𝑆 1 − 2 𝛼𝑀 𝐴 3 

] (A.17) 

 𝜋𝑟 𝑊 𝑏 
𝑘 1 
𝜇

[ 
𝐴 1 
𝑆 1 

√ 

𝑠 

𝑐 1 
𝐼 1 ( 𝑟 𝑊 

√
𝑠 ∕ 𝑐 1 ) − 

𝐴 2 
𝑆 1 

√ 

𝑠 

𝑐 1 
𝐾 1 ( 𝑟 𝑊 

√
𝑠 ∕ 𝑐 1 ) 

] 
= 

𝐶 𝑊 𝑠 

𝜌𝑓 𝑔 

[
𝐴 1 
𝑆 1 
𝐼 0 ( 𝑟 𝑊 

√
𝑠 ∕ 𝑐 1 ) + 

𝐴 2 
𝑆 1 
𝐾 0 ( 𝑟 𝑊 

√
𝑠 ∕ 𝑐 1 ) − 2 𝛼𝑀 𝐴 3 

]
− 

𝑄 

𝑠 

(A.18) 

At the interface between the skin zone and formation zone, the con-

inuity of radial displacement, radial stress, pore pressure, and fluid flux

https://doi.org/10.13039/100006771
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equires that: 

𝜂

𝐺 𝑆 1 
𝐴 1 
𝐼 1 ( 𝑟 𝑆 

√
𝑠 ∕ 𝑐 1 ) √

𝑠 ∕ 𝑐 1 
− 

𝜂

𝐺 𝑆 1 
𝐴 2 
𝐾 1 ( 𝑟 𝑆 

√
𝑠 ∕ 𝑐 1 ) √

𝑠 ∕ 𝑐 1 
+ 𝐴 3 𝑟 𝑆 + 

𝐴 4 
𝑟 𝑆 

= − 

𝜂

𝐺 𝑆 2 
𝐵 2 
𝐾 1 ( 𝑟 𝑆 

√
𝑠 ∕ 𝑐 2 ) √

𝑠 ∕ 𝑐 2 
+ 

𝐵 4 
𝑟 𝑆 

(A.19) 

− 

2 𝜂
𝑆 1 
𝐴 1 
𝐼 1 ( 𝑟 𝑆 

√
𝑠 ∕ 𝑐 1 ) 

𝑟 𝑆 

√
𝑠 ∕ 𝑐 1 

+ 

2 𝜂
𝑆 1 
𝐴 2 
𝐾 1 ( 𝑟 𝑆 

√
𝑠 ∕ 𝑐 1 ) 

𝑟 𝑆 

√
𝑠 ∕ 𝑐 1 

+ 

2 𝐺 
1 − 2 𝜈𝑢 

𝐴 3 

− 

2 𝐺 
𝑟 2 
𝑆 

𝐴 4 = 

2 𝜂
𝑆 2 
𝐵 2 
𝐾 1 ( 𝑟 𝑆 

√
𝑠 ∕ 𝑐 2 ) 

𝑟 𝑆 

√
𝑠 ∕ 𝑐 2 

− 

2 𝐺 
𝑟 2 
𝑆 

𝐵 4 (A.20) 

 1 𝐼 0 ( 𝑟 𝑆 
√
𝑠 ∕ 𝑐 1 ) ∕ 𝑆 1 + 𝐴 2 𝐾 0 ( 𝑟 𝑆 

√
𝑠 ∕ 𝑐 1 ) ∕ 𝑆 1 − 2 𝛼𝑀 𝐴 3 = 𝐵 2 𝐾 0 ( 𝑟 𝑆 

√
𝑠 ∕ 𝑐 2 ) ∕ 𝑆 2

(A.21) 

− 𝐴 1 
𝑘 1 
𝜇

√
𝑠 ∕ 𝑐 1 𝐼 1 

(
𝑟 𝑆 

√
𝑠 ∕ 𝑐 1 

)
∕ 𝑆 1 + 𝐴 2 

𝑘 1 
𝜇

√
𝑠 ∕ 𝑐 1 𝐾 1 

(
𝑟 𝑆 

√
𝑠 ∕ 𝑐 1 

)
∕ 𝑆 1 

= 𝐵 2 
𝑘 2 
𝜇
𝐾 1 

(
𝑟 𝑆 

√
𝑠 ∕ 𝑐 2 

)
∕ 𝑆 2 (A.22) 

Eqs. ( A.17 ) to ( A.22 ) are solved simultaneously to determine the re-

aining constants A 1 to A 4 , B 2 and B 4 , which are then substituted back

nto Eqs. ( A.5 ) to ( A.15 ) to get the Laplace domain solutions for stress,

ore pressure, and displacement in the skin zone and formation zone. 
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