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This paper presents analytical solutions for pumping from a poroelastic, confined aquifer where the combined
effects of a finite-thickness skin zone and the wellbore storage are fully incorporated. The pumping-induced
axisymmetric stress, plane strain deformation, and pore pressure are derived in the Laplace transform domain.
Time-domain solutions are obtained using the Stehfest inversion algorithm. Numerical examples are presented
to investigate the effects of hydromechanical coupling and poroelasticity on the hydraulic drawdown at the
pumping well and at an observation well. The results show that traditional methods substantially underestimate
the drawdown at the pumping well in a low-permeability hard rock compared with the drawdown predicted using
the fully coupled poroelastic theory. The difference becomes more pronounced when a finite-thickness positive
skin is present with a permeability that is lower than the permeability of the formation. For finite-radius pumping
wells with storage, the effects of poroelasticity on drawdown are masked by the effects associated with wellbore

storage.

1. Introduction

Pumping tests in confined aquifers are widely used to estimate hy-
draulic properties (e.g., hydraulic conductivity and specific storage) of
aquifers for a wide range of applications from groundwater extraction
to potential site evaluation for nuclear-waste disposal. A pumping test
typically involves pumping a well at a carefully controlled rate for a
period to create a measurable pressure perturbation in the formation,
and to measure the rate of flow at the well and the drawdown in ob-
servation wells located at different distances from the pumping well
(Yeh and Chang, 2013). Interpretation and analysis of the drawdown
data collected during a pumping test is largely based on fitting type
curves generated from available analytical solutions. Since the semi-
nal work by Theis (1935)—which produced an analytical solution for
drawdown induced by a fully penetrating well of infinitesimal radius
pumping water at a constant rate from an infinite homogeneous con-
fined aquifer—a variety of analytical solutions have been developed to
address pumping tests under different well and aquifer configurations
(Chen, 1984; Cassiani et al., 1999; Chang and Chen, 2002; Yang et al.,
2006; Yeh and Chang, 2013;). In particular, several researchers have fo-
cused on the effects of a finite well radius (Moench, 1997; Yang et al.,
2006), wellbore storage (Park and Zhan, 2002; Razminia et al., 2016;
Li et al., 2018), the skin zone (Chang and Chen, 2002; Pasandi et al.,

* Corresponding author.
E-mail address: kuangshiqicai@gmail.com (Z. Fan).

https://doi.org/10.1016/j.advwatres.2020.103604

2008; Razminia et al., 2015; Feng and Zhan, 2016), and the permeability
anisotropy (Mathias and Butler, 2007) on transient flow behavior. For
example, Hantush (1964) developed an analytical solution for constant-
rate pumping in confined aquifers by taking into consideration the ef-
fects of a finite well radius. Papadopulos and Cooper (1967) extended
the Hantush (1964) solution by accounting for wellbore storage for a
fully penetrating well. In addition to the storage and radius of the pump-
ing well, the induced drawdown at a control well can also be strongly in-
fluenced by a skin zone, which is conceptualized as the surrounding zone
of a well with reduced/enhanced permeability resulting from drilling
or completion operations (Yeh and Chang, 2013). A negative/positive
skin refers to a skin zone with a permeability that is larger/smaller
than the permeability of the formation zone. In petroleum engineering
applications, wellbore skin factors are commonly introduced to quan-
tify the skin effect on fluid flow without modeling skin zone explic-
itly (Dejam et al., 2013). The nondimensional skin factor is defined as
(Yeh and Chang, 2013):

sp=[Ky/Ky = 1]In(rg/ry) ¢))
where K, and K; are the hydraulic conductivities of the formation and
skin zone, respectively, and rg and ry, are the skin zone radius and well-
bore radius (measured from the axis of the well), respectively. Accord-
ing to Novakowski (1989), the thickness (i.e., the difference between
rg and ry,) of the skin zone may range from a few millimeters to sev-
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Nomenclature

a Biot coefficient

Err radial strain

E1k bulk strain

¢ increment of fluid content

ty pore fluid viscosity (ML™1T~1)

Vu undrained Poisson’s ratio

ojj total stress (M L1 T-2)

O radial stress (M L™! T—2)

0 axial stress (M L1 T-2)

c hydraulic diffusivity (L2 T-1)

p excess pore pressure (M L~1 T~2)

r radial distance from the axis of the pumping well (L)
Ts radius of skin zone (L)

Sh hydraulic drawdown (L)

u, radial displacement (L)

Cy wellbore storage coefficient (I.2)

G shear modulus (M L-1 T-2)

Iy modified Bessel function of the first kind of order zero
K, modified Bessel function of second kind of first order
K¢ bulk modulus of fluid (M L~! T-2)

Ky drained vertical bulk modulus (M L~ T-2)

N total number of terms in the Stehfest series

Q volumetric pumping rate (L3T~1)

Superscript

N

dimensionless variable
i strain components

€09 hoop strain

axial strain

£

SZZ
mobility (M~! L3 T)
v drained Poisson’s ratio
pf mass density of the fluid (M L~3)
Ok bulk stress (M L~! T-2)
) hoop stress (M L1 T-2)
¢ porosity
k intrinsic permeability L2
Dw pressure at the wellbore (M L~ T-2)
rc radius of well casing (L)
rw radius of pumping well (L)
s Laplace transform variable
t time (T)
B Skempton’s coefficient
E Young’s modulus (M L1 T—2)
H(t) Heaviside function
I modified Bessel function of the first kind of first order
Ky modified Bessel function of second kind of order zero
Ky bulk modulus of fluid-saturated rock (M L~1 T-2)
K bulk modulus of solid (M L~ T-2)
M Biot modulus (M L~! T-2)
S, specific storage (L71)
Subscript
1,2 skin zone, formation zone

eral meters. Skin zones that develop during the well drilling because of
drilling mud and/or rock flour invasion have lower permeability than
the formation and are defined as a positive skin. Conversely, negative
skin zones with permeability higher than the formation develop when
the drilling method induces substantial spalling and fracturing of the
borehole wall. Butler (1988) investigated the problem of a well of in-
finitesimal radius with a finite-thickness skin zone subject to a constant-
rate pumping by treating the well as a point force and found that the
drawdown during a pumping test can be considered to consist of two
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components that are dependent and independent of near-well proper-
ties. Novakowski (1989) solved the problem of a fully penetrating well
subjected to a constant-rate pumping in a confined aquifer, accounting
simultaneously for finite wellbore radius, finite-thickness skin zone, and
wellbore storage. Yeh et al. (2003) derived the closed-form time-domain
solution of the drawdown for a pumping test in a confined aquifer in
terms of an improper integral, which included the effects of a finite
wellbore radius and finite-thickness skin zone. By accounting for the
wellbore storage effect and the skin effect using the lumped skin factor
(Eq. (1)), Dejam et al. (2013) investigated the behavior of transient pres-
sure at a partially penetrating well in a naturally fractured reservoir and
applied it to generate type curves to analyze the pressure of wellbores
with a gas cap. Razminia et al. (2016) examined the transient pressure in
a fractal reservoir by taking into consideration both the wellbore storage
and skin effects.

The aforementioned solutions were all developed using the tradi-
tional groundwater flow conceptual model, which does not include
the poroelastic effects associated with a pumping test. The pumping-
induced horizontal deformation of an aquifer is well documented and
recognized (Hsieh and Cooley, 1995; Hsieh, 1996; Berg et al., 2011;
Burbey, 1999, 2003; Yin et al., 2007; Sneed et al., 2018), but it re-
mains a common assumption in groundwater theory that solid grains
are incompressible and horizontal deformation of an aquifer is thought
to have a negligible effect on pressure transience (Wang, 2000; De Si-
mone and Carrera, 2017; Fan et al., 2019). Although computed values
of the hydraulic properties of aquifers using models based on ground-
water flow theory yield significant insights into the physics control-
ling the feedback and interaction between well parameters and aquifer
configurations, using traditional models to interpret pumping tests can
lead to erroneous outcomes for cases with strong poroelastic effects
(Berg et al., 2011; Ding et al., 2019; Fan et al., 2016, 2020; Fan and
Parashar, 2019). Poroelastic effects are thought to play a prominent role
in low-permeability hard rocks, which are systems of interest for a va-
riety of applications in subsurface hydrogeology, such as nuclear waste
storage (Tsang et al., 2015; Belmokhtar et al., 2016), enhanced geother-
mal systems (Koh et al., 2011; Ghassemi and Zhou, 2011; Fan and
Parashar, 2019), and geological carbon sequestration (Wu et al., 2010;
De Simone and Carrera, 2017). Accurate and reliable hydraulic charac-
terization of low-permeability hard rocks is essential for assessing its
long-term performance for various applications (Tsang et al., 2015).
Strong hydromechanical coupling occurs in these rocks when the sys-
tem is subjected to high pumping rates, and therefore taking into ac-
count the poroelastic effect may help obtain more accurate estimates of
the subsurface properties.

The poroelastic effect for a well under a constant rate of dis-
charge has been studied more extensively in petroleum engineering
than in hydrology. For instance, Cheng (2016) presented the ana-
lytical solution for fluid extraction from a poroelastic reservoir at a
constant rate. Abousleiman and Chen (2010) derived the poroelas-
tic solution for an inclined borehole subjected to a finite-length fluid
flux. Mehrabian and Abousleiman (2013) developed the fundamental
poroelastic solutions for a wellbore under partial angular fluid flux
and normal tractions. Chen (2019) further extended the solution of
Abousleiman and Chen (2010) by developing three-dimensional an-
alytical solutions for an arbitrarily inclined wellbore subjected to a
fluid discharge of finite-length. These analytical poroelastic solutions
(Abousleiman and Chen, 2010; Mehrabian and Abousleiman, 2013;
Cheng, 2016; Chen, 2019) addressed the hydromechanical coupling as-
sociated with wells pumping at a constant rate, without accounting for
the effects of skin zone and wellbore storage. To the best knowledge of
the authors, analytical solutions accounting for poroelastic effects in a
system with a finite radius well that consider the wellbore storage and
skin zone effects have not yet been reported. The purpose of this paper is
threefold: (1) to derive new analytical solutions for a pumping test that
simultaneously accounts for poroelastic effect, wellbore storage, and fi-
nite wellbore skin zone; (2) to compare this new solution with transient
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Fig. 1. Schematic illustration of a well subjected to a constant-
rate pumping in a poroelastic confined aquifer.
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solutions obtained from existing simpler analytical methods; and (3) to
determine the conditions under which the drawdown solutions obtained
are reasonably accurate and reliable without incorporating the poroe-
lastic effect. We used Laplace transform to solve the governing equa-
tions in plane strain poroelasticity and explored the effects of wellbore
storage, skin zone types/thickness, and poroelastic deformation on the
temporal-spatial evolution of drawdown in the pumping well and in the
aquifer. The results presented in this paper are expected to provide use-
ful guidance for observation well placement and to help practitioners
better interpret the pumping test results. The analytical solutions de-
rived in this paper may serve as a benchmark for validating numerical
models and methods in poroelasticity.

2. Mathematical formulation
2.1. Statement of the problem

Consider a fully penetrating pumping well of radius ry, with a skin
zone of radius rg embedded in a homogeneous, isotropic, poroelastic
confined aquifer (Fig. 1). At time zero, pumping starts at a constant
volumetric rate, Q, from the pumping well.

The key assumptions underlying the poroelastic formulation for the
aforementioned system are as follows: (1) the aquifer is homogeneous
and isotropic; (2) the pumped aquifer is horizontal and of infinite ex-
tent; (3) the aquifer is poroelastic and follows the classical Biot theory;
(4) the skin zone and the formation have the same mechanical proper-
ties, but different hydraulic properties; and (5) the screen interval of the
pumping well spans the thickness of the aquifer and the plane strain con-
dition prevails in the horizontal plane. Within the classical framework
of Biot poroelasticity, fluid flow is assumed to follow Darcy’s law (Wang,
2000). We note that this simplified assumption may not be valid in ultra-
tight, low-permeability media, particularly when the hydraulic gradient
is very small (Neuzil, 1986; Dejam et al., 2017). The fourth assumption
is justified based on observations that the skin zones develop mainly due
to drilling and completion practices, which result in an altered perme-
ability in a region surrounding a wellbore without significant changes
in the mechanical properties (Nowakowski, 1989). Because the length
of the screen interval of the pumping well is much larger than the well
diameter, and the flux and traction boundary conditions do not vary
along the wellbore axis, the plain strain condition is assumed.

For the plain strain condition, the constitutive equations in polar co-
ordinate systems, which express the total stresses, o;;, and pore pressure,
P, in terms of strains, ¢;;, and increment of fluid content, ¢, are as follows

(Wang, 2000; Cheng 2016):

—2G 2Gv, 5

Op = 2Ge, + - e —aMg 2
u

=2G G M 3

Ogo = 2G€gg + T €k — Mg 3
u

0z = 200 Eg —aM¢ @

= 1=-2y,
p=M(c—aey) ®)

where o,,,649, and o,, are the radial, hoop, and axial stresses, respec-
tively; €,,,€04, and ¢,, are the radial, hoop, and axial strains, respectively;
and gy, is the bulk strain. The material constants given above are: the
shear modulus, G; the undrained Poisson’s ratio, v,;; the Biot coefficient,
a; and the Biot modulus, M. The Biot coefficient, «, is a ratio signify-
ing the fluid volume change induced by the bulk volume change under
drained conditions (Wang, 2000). For the axial symmetry case, the strain
components are related to the displacement by:

= =Y. =0 6
Epp = ;7899 = 7’822 - (6)

where u, is the radial displacement. The bulk strain is given by:

ou, u. 19
=" 4+ ===
= T T v or (ru)
For a fully saturated rock without any fluid sources or sinks, the
conservation of fluid mass yields:

(M

Ja¢ )

—==cV 8
5 Ve ®)
Equivalently, Eq. (8) can be written as (Green and Wang, 1990):

) B \_ oo B
at(”+ 3°k")_cv <p+ 3”’“) ©

In the above B is the Skempton’s coefficient, which is defined as
the ratio of the induced pore pressure to the change of bulk stress under
undrained conditions (Wang, 2000), c is the hydraulic diffusivity, which

is defined as ¢ = ‘;ngk, and S; is the specific storage given by (Green and
Wang, 1990; Wang, 1993):
1 1 a 4G
= — ——)+Z(1 1
Sé pfg[¢<Kf Ks>+KV< +3Ks)] (O)

where p; is the fluid density; g is the gravitational acceleration; k is
permeability; y is the fluid dynamic viscosity; ¢ is the porosity; Ky and
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Kj are the bulk modulus for fluids and solids, respectively; and Ky, is the
drained vertical bulk modulus (Wang, 2000), which can be expressed in
terms of the bulk modulus, K}, and shear modulus, G, of the matrix as
follows:

1<V=1<,,+§G an

The equilibrium equation, which describes the system under the in-
fluence of radial and hoop stresses, is given by:

do

rr 0,

LI~ %0 _ (12)

or r
Substituting the constitutive Egs. (2-3) and strain-displacement re-
lations (6) and (7) into the equilibrium Eq. (12) yields the governing
equation for displacement:
2G(1-v,) %, 10u, u, o

T _ Y agM = 13
=2y, o trar 2T M5, 13

Eq. (13) can be rearranged into:

0€ _ aM(1-2y,) ac 4
or 2G(1-v,) or

The initial conditions that describe the system before the onset of
pumping are expressed by equating the excess pore pressure, increment
of fluid content, radial stress, and radial displacement to zero:

p1(r,0) = py(r,0) =0 s
61(r,0) = 6(r,0)=0 (16
6,1(r,0) = 6,,(r,0) =0 a7
U (r,0) =y (r,0) = 0 (18)

where the subscripts 1 and 2 refer to the skin zone (ry, <r <rg) and the
formation zone

(rg < r < ), respectively.

The boundary conditions are specified below.

At the far field:

P2(00,0) =0, 6,(0,0) = 0,0,5(c0,0) = 0, 4,,(c0,0) =0 (19)
At the borehole surface:

61 (Fuat) = =y (ry. 1) H(D) (20)

Cw 9p;

=-QH() 2N
or r=ry, pfg ot r=ry

where H(t) is the Heaviside function, p; is the time-dependent fluid pres-
sure required to pump at a constant rate, Q, from the wellbore. This is
an implicit initial-boundary value problem because p; is unknown a pri-
ori. The wellbore storage coefficient is Cy, = zrrzc (Novakowski, 1989),
where 1 is the radius of the well casing.

At the interface between the skin and formation zone (r = rg), the
continuity of the pore pressure, fluid flux, radial displacement, and ra-
dial stress leads to:

pi(rs.1) = pa(rs.1) (22)
dap dap

’fla—rl(’sﬁ)Z’Qa—rz(’s”) (23)

U (rs.1) =uq(rg.1) (24)

6,1 (rs.t) =0,9(rs.1) (25)

InEq. (23), k| = k; /pu and k, = k,/u are the mobility of the skin zone
and formation, respectively.
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2.2. Analytical solutions in the Laplace domain

Analytical solutions were derived in the Laplace domain.
Appendix A provides the detailed derivations. In the skin zone,
the Laplace-domain solutions for pore pressure; radial, hoop, and axial
stresses; and displacement are:

1 ou ‘leo(r\/%) +‘I’1KO(rM)

nes Nz 26)
1= 2nr,bky/s/c) WK, (rw\/s/c]) -Y,1, (’w\/S/q) +¥,
5 = 1 ou Z”TIFI/(r\/S/CI>+2"‘P2F2/(r\/%)—F3r2w/r2

rrl o
8 2mr,bkyy/s/c, ‘YlKl(rw\/s/cl) - ‘{’zfl(rw\/s/cl) + ¥,

(e2))

—Zn‘l’lF]/(r\/s/c]) - Zn‘l—’ze/(r\/s/cl) + Fyr2 [r? = 2nF,

N 1 Ou
Gpp =~
R 2zrbkyy/s/e ¥ K, (rw\/s/c]) -, (rw\/s/cl> + ¥,
(28)
P 1 Oou 2nky
zzl —
§ 27r bk \/s/c, WK, (rw\/s/cl) -¥,1, (rw\/s/cl> + ¥,
(29
. 1 Ou ¥, F/+\/s/c; —n¥oF,/\/s/c +F3rﬁ)/(2r)

U = ==
Gs 2zr,bky\/sfc, W K, (rw\/s/cl) -¥,1, (rw\/s/cl> + ¥,

(30)

where the tilde represents the Laplace transform; s is the transform vari-
able; I and I; are the modified Bessel function of the first kind of order
zero and first order, respectively; and K, and K; are the modified Bessel
function of the second kind of order zero and first order, respectively.
Functions ¥,¥,, and ¥; are given by:

W= 2 (V5T K (V578 ) + 1 (ST ) Ko (/T

B ki Ve
(€29)

= (VT o 1 VAT = 2 o VAT ) (VAT
(32)

and:

¥, = m [‘PZI()(ru,M) + W,Ko(rw\/%)] 33)

Functions F; -F, are defined as:

Fy = K, (rV/s7er) = 2Ky (rov/sTer ) 34
Fy = rT“’Il (rovs/er) - 1 (rVs7er) 35)
F; =‘P2[0("MJM)+T1K0(M\/%) (36)

Fy, =Y, 1, (r\/Tcl> + WIKO(M/W) 37
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In the formation zone, the Laplace domain solutions for pore pres-
sure; radial, hoop, and axial stresses; and displacement are given by:

Ko("\/%) [q"zlo< M) +¥ Ko( M)]

_1 On
S 2mr,bkyy/s/c K0<r5\/s/cz>[‘l’ll(] (rw\/s/cl) - ‘1’211<rw\/s/cl> +‘P3]
(38)
s =1 Op 1
2
§ 2mr,bky\/s/c, W K, (rw\/s/cl) -, (rw\/s/cl) + ¥,
2n FsFy 4 2an2 2'1‘1'1 _ iF
3
rys/e, K(,( \/s/cz) \/S/C1 \/S/Cl ?
(39

N 1 Ou 1
Gory = =
" S5 2mr,bky\/s/c ‘I’IKI( s/c]> Y,1, (r s/c|)+‘I’3

? ZnFS(FS +r\/s/c2K0( s/c2>) 2'7‘1’2 WY,

F
P T ek iTe) e e
(40)
o 1 ou K0<r\/s/cz>
B 8 2zr ,bkyy/s/c, KO(rS\/s/Q)
x 2nFy @D
‘I‘]K1<rw\/s/cl> ‘I‘2[1< \/s/cl>+‘I‘3
o1 Ou 1
U, =

$G 2mr bk, Vs/e ¥ K, (rw\/s/cl) -¥,1, (rw\/s/cl) + ¥,

r nFsFy

"w _n
\/s/czKO( \/s/cz) Vs/e

Y,F, - —1 W F
Vs/e
42)

where functions F5 -Fg are defined as:

o= (7)) .
AN
Fy =Wyl (rofs/er ) + Wi Ko (ro/57c, ) 46)

2.3. Dimensionless solutions

Dimensionless solutions were determined using the follow-

ing nondimensional variables from Novakowski (1989) and
Yeh et al. (2003):ic* = cy/cp,k* = ky/ky, Cy, = Cy [Qrr, bSy),
p=rlry, ps=rs/rw> t*=czt/r%1,,ﬂ=rw\/s/c2, E=ry/s/c,,

p* = pQrbk,)/ 0,07 = 27rbK20',,/Q,0';9 = 2xbK,0099/ 0,07, = 2mbry0,,/0,
and u} = 27zGbxyu, /(Qry, ), where t* is the dimensionless time; C isa
dimensionless measure of the wellbore storage; p is the dimensionless
radial distance from the pumping well; p, is the dimensionless skin
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thickness; O 0y and ¢}, are dimensionless radial, hoop, and axial
stresses, respectively; u* is dimensionless radial displacement; and p*
is dimensionless pore pressure change. The hydraulic drawdown, sp,, is

related to the pore pressure drop, p, through:

5, = 2 47

Pr8

The dimensionless drawdown and its gradient are respectively de-
fined as:

sy =27bKys, /0 (48)
das*

spo=—2 (49)
YAy

The Laplace domain solutions for dimensionless variables, obtained
by nondimensionalizing the solutions presented in the previous section,
are given below.

In the skin zone:

1k ‘PZIO(Pﬁ\/C_*) +\PTK0(Pﬂ\/F)

ﬁT:ng:;ﬂ\/c_*‘PTKl(ﬂ\/F)—‘P;L(ﬁ\/c_*>+\y; (50)
LR mn(eeve) - wiki (o) "

hp = Pk, (ﬁ\/c_*> —‘I‘le(ﬁ\/c_*) +Y¥;

. 1 k* 1

s g e WK, (ﬂ\/c—*) -

(V) +

¥ F; .
- —=F (52)

<211‘{‘*F*
Ve g

I <_ 2¥ Py
001 ~ 5 \/> wiK, (ﬂf) ‘*'*’1 (ﬁ\/c7)+w* oV 53)
L S W
PV F’Z 3 4
6121 = _l K an: (54)
S BV WK, (Ve ) - (Ve ) +
o1k |

" sﬁ\/c_*‘P*Kl(ﬁ\/_) ly*11< \/F)H’f;
( r]‘P*F* r]‘P*F* 1 )
F* (55)
e
where:

e
v \/_Io(pjﬂ\/_) 1(p:8) + 11 PPV ) Ko 0.5) (56)

¥, = Ky (p.8Ve" ) Ko (0,h)

- %Ko(ﬂsﬁ\/c_* )K1(s.5) 57)

i‘;ﬂf* [\P;IO(ﬂ\/c_*> +‘I‘TK0(ﬂ\/c_*>] (58)
Fr = Ki(ppVe" ) - K (BVe") /0 (59)
= 1,(pVe) /o= 1 o0V (60)

Fy =W (pVer) + Wi Ko (V") @)

=‘P§Io(pﬂ\/;) +‘PTKo(pﬂ\/c_*) (62)
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In the formation zone:

L e Koen[¥st(pVE) + Wik (puVeT) |
i = Sﬂ\/c_*Ko (0,8 [‘PKl(ﬂ\/_) ‘PI(ﬂ\/_>+‘I’*]
S AV NG ER AN

$rp, == (64)

SV Ky (o) ¥ K (8VET) = W31 (Ve ) + 5]

= 63)

o k* 1

o Sﬂ\/?lp* Ky (V) =1 (Ve ) + v

2 FS‘FS* Zn‘P*F* Zn‘P*F* F3*
21 -3 (65)
PP Ko(psB)  ppJer  ppSe PP
s Lk I
s gy wik, (Ve ) = win (pver) +
O e ) B R
P b Ko(psB) p/i'\/F pﬂ\/_
s o Lk 21Ko(ph) s 67
B s pafer \P’lel(ﬂ\/c_*> -9 (ﬂ\/F) +w; Ko(p,h)
P 1
Mo = Sﬂ\/glp]*Kl(p\/C_*)—lFZIl(ﬁ\/c_*)+‘l’§
nFXFy 11‘{’* r[‘{‘*
L ;_ 578 * (68)
203 pKy(p,B) ﬂ\/_ ﬂ\/_
where:
F: =K (o) — p K, (psB)/p (69)

Fg=1, (ﬂ\/;)/p—psfl(ﬂsﬁ\/?yp 70)
Fy = Ky (08 )nito = K0 (Ve ) /0 n
=1 (Ve ) + ¥ Ko (5,8 ) (712)

3. Comparison with existing analytical solutions

Verification of the analytical solutions derived above was performed
by comparing them to existing solutions in groundwater and poroelastic
literature.

3.1. Comparison with analytical solutions in groundwater theory

Replacing the specific storage defined in Eq. (10) with the spe-
cific storage used in the groundwater flow model Eq. (87) avoids the
poroelastic effects, and therefore Eqgs. (50) and (63) can be reduced to
the solutions of Novakowski (1989).When and the pumping well has
a finite diameter but negligibly small storage, setting C;,, = 0 reduces
Egs. (50) and (63) to:

N TZI"(M‘/F)““PTKO(M\/F)
s e ‘P’{K1<ﬁ\/c_*>_q,zll(ﬂ\/;)

and:

(73)

o KO(Pﬂ)[‘I’ZI()(ﬂsﬂ\/C_*) +‘PTK0<PSI3\/F)]
== (74)

n2 S py/c* Ko(lkﬂ)[\PTKl(ﬂ\/F)—‘P;‘Il(ﬂ\/c_*ﬂ
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respectively, which agree with the solutions of Yeh et al. (2003). When
the fully penetrating pumping well has storage but lacks skin zone, set-
ting ¢* =1, k* = 1, and p; = 1 reduces Eq. (63) to:
& 11 Ky(ph)

2 = 5B K () + AC KoB)]
which is identical to Eq. (2) of Papadopulos and Cooper (1967). When

the pumping well has an infinitesimal radius and a finite-thickness skin
zone, setting # — 0 and usinglirr(l)[xKI (x)] =1 reduces Egs. (50) and
x—

(63) to:
5y = [Ko(pﬂ\/_ )+ Io(ﬂﬁ\/_ )] (76)

and:
& 1k Ky(ph)

S e
respectively, which are consistent with Egs.
Butler (1988).
When the skin zone is absent, the two equations further reduce to:

— _ Ko(ph)
S =

(75)

an

(16) and (17) of

(78)
S

which is the Laplace transform of the Theis solution (Theis, 1935).
3.2. Comparison with analytical solutions in poroelastic theory

When the pumping well has a finite radius and no skin zone but
negligibly small storage in a uniform aquifer, setting C};, =0, ¢* = 1,
k* =1, and p; = 1, reduces Eq. (63) to:
522=l 1 Ko(ph)

sp KB
which is in agreement with Eq. (7.645) of Cheng (2016). Egs. (52) and
(65) reduce to:

(79

I s 02 | Ky p] s 028 Ki(B)
Egs. (53) and (66) reduce to:
R 11 Kyp) 2n Ki(p) 1 Ko(ph) @1
000 T S5 K B s LK B 2P KB

From Egs. (79) to (81), we can get the Terzaghi’s effective radial and
hoop stresses as follows:

s 121 [Kl(pﬂ) _ 1] 11 KB 11 Ko(pp) @)
T se KB e sp KB s B K ()
s o1 L Ko(ﬁ)_Z_n[ Kioh) 1, KowP) , 11 Koo
“spPpKB) s LefPKi B 2B PKB)] s B Ky(B)

(83)

Egs. (82) and (83) agree with Egs. (7.734) and (7.735) of
Cheng (2016), respectively.

4. Results and discussion

To obtain the solutions in the time domain, we carried out an inverse
Laplace transform using the Stehfest algorithm (Stehfest, 1970) because
of its computational efficiency and accuracy, which is given by:

o =12 Z vt 84)

i=1
where:
min (i,N /2)

Vi - (_1)i+N/2 z
e

KN/2(2k)!
(N/2 = k)k!(k — DI —

)12k — i)! @)
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Table 1
Hydromechanical properties used in the numerical analysis.

Symbol  Definition Berea sandstone Tennessee marble
G Shear modulus 6 GPa 24 GPa

K Bulk modulus 8 GPa 40 GPa

K Grain bulk modulus 36 GPa 50 GPa

K¢ Fluid bulk modulus 2.25 GPa 2.25 GPa

¢ Porosity 0.19 0.02

k Intrinsic permeability 1.9 x 10-13 m? 1.0 x 10719 m?
u Fluid viscosity 1.0 x 103 Pa-s 1.0 x 1073 Pa-s
a Biot coefficient 0.778 0.2

B Skempton coefficient 0.551 0.371

We use N= 10 in our numerical inversion. The main challenges in
the numerical inversion of the Laplace transform lie in the singularity
of the modified Bessel function of first kind of zero order and first order
at a very large s. The following asymptotic expansions are used for a
large s (Abramowitz and Stegun, 1964)

exp(s) 1 9 exp (s)< 3 15 >
Ly~ 22O Ly . Lo~ -3
W= < 85 128s2> 0~ =175 " Tase

(86)

In the numerical examples considered here, sandstone and marble
are used as two representative materials for illustrative purposes. These
two rocks represent systems with widely different hydromechanical
properties. Sandstone aquifers are prominently featured in groundwater
resources studies, whereas the study of marble reservoirs is more useful
for applications in which low permeability is encountered or is desired,
such as studying enhanced geothermal systems, nuclear waste reposito-
ries, or carbon sequestration methods. Table 1 lists the hydromechani-
cal properties of Berea sandstone and Tennessee marble as reported in
Wang (2000) and Cheng (2016). We focused on the effects of poroelastic
coupling on the transient drawdown behavior. A parametric study was
performed to investigate the sensitivity of drawdown to variations in
physical parameters, including skin type, skin thickness, and wellbore
storage.

4.1. Effects of poroelasticity

Before we explore the effects of poroelastic deformation on the tran-
sient drawdown, it is instructive to compare the fully coupled poroelas-
tic formulations to the uncoupled groundwater flow theory. The govern-
ing equation for transient flow widely used in conventional groundwater
theory is (Yeh and Chang, 2013):
S, 0sy,

T Ko

where s, is the drawdown in the aquifer, S; is the specific storage coef-
ficient, and K is the hydraulic conductivity. Hydraulic conductivity, K,
is related to permeability, k, byK = p,gk/u. Under the assumption of
constant vertical stress and uniaxial deformation, the specific storage in
classical groundwater theory is given as (Jacob, 1940):

V2, ®7)

S, = el + ) (88)
v f

In the Jacob’s equation for specific storage that is commonly used
in groundwater flow theory, solid grains are assumed incompressible,
which results in a higher specific storage than the storage calculated
using Eq. (10) in poroelasticity. Therefore, the uncoupled groundwater
theory overestimates the specific storage, and consequently underesti-
mates the hydraulic diffusivity and predicts a lower drawdown com-
pared with the coupled poroelasticity under identical pumping test con-
ditions. The second key difference between groundwater theory and
poroelasticity can be observed by comparing Egs. (9) and (87). In poroe-
lasticity, the linear combination of pore pressure and mean stress fol-
lows the diffusion equation. Mathematically, the rate of changes in mean
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stress with respect to time is equivalent to a fluid source. In groundwa-
ter theory, however, hydraulic drawdown (and therefore pore pressure
change) satisfies a homogeneous diffusion equation.

To separate the effect of poroelastic deformation from wellbore stor-
age and skin zone, we use the following parameters: C};, =0, ¢* = 1,
and k* = 1. Figs. 2a and b show a comparison of the dimensionless
drawdown predicted using groundwater theory and coupled poroelas-
ticity as a function of radial distance from the pumping well at various
nondimensional times for sandstone and marble, respectively. At a given
time, hydraulic drawdown decreases monotonically with increasing dis-
tance from the pumping well. At the pumping well, drawdown increases
steadily with increasing time. The general trends of the radial distribu-
tion of drawdown are similar for sandstone and marble, and groundwa-
ter theory is seen to underestimate the drawdown at the pumping well.
For sandstone, the drawdown distribution obtained from poroelasticity
is slightly higher than that obtained from groundwater theory at the
same time. For marble, the observed difference in drawdown distribu-
tion is significantly higher. This phenomenon can be explained by exam-
ining the difference in specific storage in Eqgs. (10) and (88) and noting
the contribution of volumetric deformation to the changes in pore pres-
sure. For marble, the calculated specific storage using Jacob’s Eq. (88) is
75% larger than the specific storage calculated using Eq. (10), which
incorporated poroelasticity. For sandstone, the difference is approxi-
mately 8%. Therefore, for marble, groundwater theory overestimates
specific storage and significantly underestimates the hydraulic diffusiv-
ity, leading to a smaller magnitude and slower evolution of drawdown.
Furthermore, Eq. (5) indicates that pore pressure changes (drawdowns)
come from two sources: (1) fluid released from storage and (2) volumet-
ric deformation of the matrix due to the Skempton effect. The ground-
water theory underestimates the drawdown without capturing pumping-
induced volumetric deformation. The sharp difference in drawdown pre-
diction for marble highlights the significance of including poroelasticity
in estimating hydraulic parameters based on pumping test conducted in
low-permeable aquifers and reservoirs.

Using the same parameters as those used in Figs. 2, 3a and 3b show
the influence of poroelasticity on the radial distribution of the nondi-
mensional drawdown gradient at different normalized times for sand-
stone and marble, respectively. The nondimensional drawdown anal-
ysis provides a general hydrodynamic conceptual framework to rep-
resent the transient evolution of the shape of the pressure-front pulse
that diffuses throughout an aquifer during pumping (Barker, 1988;
Ferroud et al., 2019). It is evident that at a given location, the draw-
down gradient deceases with increasing time. At a given time, draw-
down gradient decreases steadily with increases in the radial distance
from the pumping well. As expected, the drawdown gradient for sand-
stone is marginally sensitive to poroelastic deformation. For marble,
groundwater theory underestimates the drawdown gradient slightly at
the beginning of the pumping test and the differences increases with
increasing time.

4.2. Effects of skin types

To examine the effects of skin types on aquifer response, temporal
evolution of dimensionless drawdown distributions are shown in Figs.
4 and 5 at the pumping well (p = 1) and at a hypothetical observation
well located at p = 100 for conditions described by p; =3, C;;, = 0, with
k* ranging from 0.1 to 10. Note that k*=1 represents the case of a homo-
geneous formation, whereas k*=0.1 and k*=10 represent the negative
and positive skin zone, respectively. The pumping well with a positive
skin zone has a remarkably larger drawdown than those without a skin
zone or with a negative skin zone. This can be explained by observing
that in the case of a positive skin, the permeability of the skin zone is
smaller than the permeability of the formation. It also takes longer to
compensate for the diffusion induced pressure loss to maintain a con-
stant pumping rate at the wellbore. For a negative skin, pore pressure
diffuses quickly from the formation to the wellbore, and so a small draw-
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Fig. 2. Poroelastic effects on the radial distribution of dimensionless drawdown in (a) sandstone and (b) marble at various dimensionless times for Cy, =0,c"=1,
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Fig. 3. Poroelastic effects on the radial distribution of dimensionless drawdown gradient in (a) sandstone and (b) marble at various dimensionless times for C;;, = 0,

c¢*=1,and k* = 1.
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Fig. 4. Effects of skin types on temporal evolution of dimensionless drawdown in (a) sandstone and (b) marble at the pumping well (p = 1) for p; =3, and C},, = 0.
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Fig. 5. Effects of skin types on temporal evolution of dimensionless drawdown in (a) sandstone and (b) marble at the observation well (p = 100) for p; =3, and

c;, =0.

30

30

L@y oo groundwater model
25 —— poroelastic model

Dimensionless drawdown

0 el O S T 1) 1

b T groundwater model
—— poroelastic model

T

1 10 100 1000

[*

10000

1000 10000

0 N A O O e X L PR
1 10 100

Fig. 6. Effects of skin thickness on temporal evolution of dimensionless drawdown in (a) sandstone and (b) marble at the pumping well (p = 1) for k*=10, and

c;, =0.

down (pore pressure decrease) is observed at the pumping well. Draw-
down is more affected by the positive skin than by the negative skin,
especially in the vicinity of the pumping well. At the observation well
(p = 100), the skin effect is negligible as seen by a nearly complete over-
lap of drawdown curves for the three k* values in Fig. 5. For sandstone,
the magnitude of drawdown at the wellbore predicted from groundwa-
ter theory is close to that predicted from poroelasticity. For marble, the
magnitude of drawdown at the pumping well obtained from ground-
water theory is smaller than that obtained from poroelasticity, and the
difference is more pronounced at early pumping time (t*<30). At the
observation well, the magnitude of poroelasticity-based drawdown is
significantly greater than that predicted from groundwater theory at a
long pumping time (t*>1000). For example, at t*=10,000 the drawdown
at p = 100 from poroelasticity is approximately 36% greater than that
predicted from groundwater theory.

4.3. Effects of skin thickness

To investigate the sensitivity of drawdown to a pumping test in a
well with variable skin thickness, we studied a well with positive skin
(k*=10) of variable thickness (p; =1, 3, and 10) and plotted the evolu-
tion of drawdown at the pumping well (p = 1) and at the observation
well (p =100) in Figs. 6 and 7, respectively. Note that p; =1 denotes the

case of a pumping well without a skin zone. It is evident from Fig. 6 that
the drawdown at the pumping well increases with the increasing thick-
ness of the positive skin zone. A positive skin means a lower permeability
in the skin zone than in the formation, and therefore a thicker positive
skin means that groundwater replenishment into the well takes longer
through the skin zone. At the observation well (p = 100), the drawdowns
are not sensitive to the thickness of the skin zone, which suggests that
skin zone properties (type and thickness) play a minor role in far-field
drawdowns.

4.4. Effects of wellbore storage

To investigate the effects of wellbore storage on aquifer performance
in response to pumping tests from wells with different storage, we mea-
sured the drawdowns at the pumping well (p = 1) and at the observa-
tion well (p = 100). Figs. 8 and 9 show the pumping and observation
well drawdowns corresponding wellbore storage based on the following
physical parameters: p; =3, k*=10, and c*=10. There are two notewor-
thy features. First, wellbore storage delays the migration of groundwa-
ter from the formation to the well. Increasing wellbore storage results
in an appreciable decrease in drawdown at the pumping well and at
the observation well (which can be seen by comparing the extent of
the vertical axes in Figs. 8 and 9 to those of Fig. 4 through 7). Second,



Z. Fan and R. Parashar

Dimensionless drawdown

0.6

04

02}

0.0

""" groundwater model p,= 1
----- groundwater model p,= 3
»»»»» groundwater model p,= 10
— poroelastic model p,= |

— poroelastic model p,= 3
—__ poroelastic model p,= 10

10 100 1000 10000

[*

0.8
0.7
0.6

0.5

04

0.3

0.2

0.0
1

0.1

Advances in Water Resources 142 (2020) 103604

(b)

groundwater model p,= 1
groundwater model p,~ 3

~~~~~~ groundwater model o,
poroelastic model £, 1
poroelastic model p,~ 3

poroelastic model p,= 10

et

10 100 10000

[*

100

Fig. 7. Effects of skin thickness on temporal evolution of dimensionless drawdown in (a) sandstone and (b) marble at the observation well (p = 100) for k*=10, and

c;, =0.

Dimensionless drawdown

12

0.8 -

04+

0.0

(a)

- - - - groundwater model
poroelastic model

+* 3
C' = 8.4%10%—

1000 10000

0.4

0.3

0.2

0.1

(b)

- - - - groundwater model
—— poroelastic model

C =22%10°'_
Ty
" 4
C), = 4.4%10

0.0
1

10 100 1000 10000

’*

Fig. 8. Effects of wellbore storage on the temporal evolution of dimensionless drawdown in (a) sandstone and (b) marble at the pumping well (p = 1) for p; =3,

k*=10, and c*=10.

Dimensionless drawdown

Fig. 9. Effects of wellbore storage on temporal evolution of dimensionless drawdown in (a) sandstone and (b) marble at the observation well (p = 100) for p,

k*=10, and c*=10.

0.030

0.025

0.020

0.015

0.010

0.005

0.000 ]

0.015
L (a) (b)
------- groundwater model ------ groundwater model
r poroelastic model poroelastic model
L 0.010 -
LA 3 L
C, — 84*1 0\
L * 4
_ €, =22%10
- 0.005 | .
. 4 r . i ;
I C, = 16710 _/ C, = 44*10}7 |
aaaaal P ey | PO Sy 1 0‘000 aal iaanl K PR i
10 100 1000 10000 1 10 100 1000 10000
i 1"

3,



Z. Fan and R. Parashar

0.1

Dimensionless radial stress

Dimensionless hoop stress

-0.5 : :
1 10 100 1000
p=rlr,
0.01 ©
c
[ t*=100
0.00 £

1*=1,000
-0.01

-0.02
-0.03

-0.04

Dimensionless axial stress

-0.05

-0.06 b :

1 10 100
p=rrr,

1000

Advances in Water Resources 142 (2020) 103604

0.5

(b)

04

0.3

02

0.1

0.0

1
1 10 100 1000

Fig. 10. Pumping induced dimensionless (a) radial, (b) hoop, and (c) axial stress changes in marble for p; =3, k*=10, and Cy, =22% 104,

poroelastic effect is largely masked by the wellbore storage effect, so
the drawdown predicted at the pumping well using groundwater theory
is indistinguishable from drawdown associated with poroelasticity. This
condition is applicable to both sandstone and marble, and it is more
pronounced in the vicinity of the pumping well.

4.5. Pumping induced stress changes

For illustrative purposes, Fig. 10 shows the pumping induced radial,
hoop, and axial stresses as functions of radial distance at various di-
mensionless times for marble with the following physical parameters: p
=3, k*=10, and G, =22x 10*. It is evident that poroelastic stresses de-
velop significantly in the skin zone, especially at early time. At a given
time, induced stresses drop sharply with increasing distance from the
pumping well. At a given location, compressive hoop stress and tensile
radial/axial stress progressively increase with time. The axial stress ex-
hibits a sharp change in slope at the interface of the skin zone with the
formation (set at p =3 in these examples). The magnitude of axial stress
is comparatively smaller than the magnitude of radial and hoop stresses,
but the axial stress decreases more slowly with respect to distance, re-
sulting in appreciable values of axial stress far away from the pumping
well at late times. The hoop stress is directly related to the borehole in-
tegrity (i.e., when the Terzaghi effective hoop stress at the borehole wall
reaches the tensile strength of the rock matrix, tensile fracture initiates
at the borehole wall and breakdown occurs). Eq. (53) and Fig. (10b)
can therefore be used to set the upper-bound limits for pumping rates,
which would generate measurable pressure drawdowns without causing
wellbore breakdown.

5. Conclusions

This paper derives analytical solutions for transient flow to a finite-
radius well in a poroelastic confined aquifer that is subjected to a
constant-rate pumping. The solutions presented herein, which unify the
groundwater solutions of Novakowski (1989) and the poroelasticity so-
lutions of Cheng (2016) simultaneously account for the effects and inter-
actions of a finite-thickness skin zone, wellbore storage, and poroelastic
deformation on hydraulic drawdown in the pumping well and in the
observation wells. For a uniform aquifer and a finite radius well with-
out storage, the presented Laplace domain solutions have been shown
to reduce to the Cheng (2016) solution. When the combined effects of
wellbore storage and finite-thickness skin zone are significant but poroe-
lastic effect is not strong, our solutions agree with those presented in
Novakowski (1989). Therefore, the following conclusions can be drawn
from this study:

(1) For constant-rate pumping tests conducted in low-permeable, con-
fined hard rocks, groundwater theory significantly underestimates
the hydraulic drawdown in the pumping well compared with the
drawdown predicted from poroelasticity, especially when a positive
skin is present. Hydraulic drawdowns in far-field observation wells
are sensitive to poroelastic effects. For high-permeable rocks, there
is a slight difference between the drawdowns predicted from classic
groundwater theory and poroelasticity.

(2) Under otherwise same conditions, a wellbore with a positive skin
undergoes greater drawdowns than wellbores with a negative skin
or without any skin. The well skin zone has a negligibly small effect
on far-field drawdowns.
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(3) Wellbore storage significantly delays drawdowns at the pumping
well and tends to mask the poroelastic effect in the vicinity of the
pumping well.

The solutions developed in this paper can be used to investigate the
effects of poroelastic deformation, skin zone properties, and wellbore
storage on the drawdown distribution in the pumping well, as well as
in the observation wells. This information provides useful guidance to
practitioners to analyze and interpret pumping tests, determine the opti-
mal placement of observation wells, and set appropriate well operation
parameters to ensure wellbore integrity.
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Appendix A. Derivation of Eqgs. (26-46)
Applying the Laplace transform of governing Eq. (8) for fluid varia-
tion, ¢, in the skin zone with respect to time, t, yields:

d2§1 1dg; N
+ =0 A.l
dr? r dr ¢ €1 A-D

The general solution of (A.1) is:

Ci(r,s) = Ay(r,s)Io(ry/s/cy) + Ay (r, s)Ky(rv/s/cy) (A2)

where A; and A, are two integration constants.

Applying the Laplace transform to Eq. (13) and integrating the result
in:
J

Gs, S1(r,s) +2A, (A3)

D

1-2v _ _(=v)(-2v)
2(1—v)andsl T MI-v)(1-2v,)
and A, is an integration constant.

Substituting and integrating Eq. (7) into the above equation gives:

4 Ii(ry/s/cp)

. Ay
réidr+ Asr + ~ = Gs.

Gs; ! Vs/cq

Ay
+ Agr+ =4 (A4)

where =«

are two poroelastic constants,

fy = 1
TGS,
4 K(ry/s/e))
L, ¥
GS) \s/ey
where A, is an integration constant.
Using Eq. (6), we can get the Laplace transform of strain components.

Then, the skin zone stress components, pore pressure, and fluid flux in
the Laplace domain are given by:

s ——2—”A I](r\/s/cl)+2_,1A Kl(r\/s/c,)+ 2G A EA
ry/s/c S ry/s/c !

TS, 1-2v, 2 2

(AS)
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) 2 I (r\/s/cl>
6po1 = o Al ——F——
S ry/s/c

Kl(’M)

x —+K0(r\/s/cl) + 20 A3+2r—fA4 (A.6)

- Io(’M) - %Az

"\/m 1-2y,
N 2 2 4Gy,
6., = —S—"Allo(r\/s/cl) - S—”AZKO(r\/s/cl)+ 1 2“ Ay (A7)
1 1 — Yy
b1 = A Ly(rv/s/c))/ S| + Ay Ky(rv/s/c)) /S| —2aM Ay (A.8)

k k
Gy =—A, j\/s/clll (r\/s/cl)/Sl + Azj\/s/clKl (r\/s/cl)/Sl (A9)

Similarly, we get the Laplace transform of stress, pore pressure, dis-
placement, and variation of fluid in the formation as follows:

So(r, ) = By(r, s)Io(rv/s/cy) + By(r, $)Ko(rv/s/cp) (A.10)

2n - Li(ry/s/e))  2n  Ki(ry/s/cy) 2G 2G
-—B, + —B +

Opp = S2 rm S2 r\/% 1_2Vu 3_r_2 4
(A1)
gy | () 2
6gor = < Bi| ———— —Io(f\/s/‘-’z) -< B
S ry/s/c, 53
K,(r s/c2> e e
e —— — A.12
X i +K0<r\/s/cz> + T—2v, B; + 2 B, ( )
2 2 4G
Gy = —S—ZBIIO(V\/S/CZ) - S—ZBZKO(I‘\/S/C2> + %33 (A13)
u
Py = SLZBIIO(M/S/CZ) + SiszKo(r\/s/Q) —2aM B; (A.14)
k k
qrz=—3172\/S/Czll(’\/s/%)/Sz*'Bz;z VS/CzKl(’\/S/C2>/Sz
(A.15)

where B;-B, are constants to de determined by the boundary conditions
and continuity conditions at the skin/formation interface.

The boundary condition (19) requires that:
B =B;=0 (A.16)

Application of the Laplace transform to the boundary conditions at
the wellbore (20)-(21) using equations (A.5) and (A.8) yields:

_;_y,Alll(rW\/s/cl) 4 ﬁAzKl(rW\/s/c]) n 26
1

_ 2G4, =
rwsler SU R e fsler 172y 0T 2 04T (A.17)
—[Allo(rw\/s/cl)/Sl + AyKo(rw ST/ S) — 2aMA3]
ki | Ay s Ay N —
2ﬂer7|:s—]‘/;Il(erS/C] _S_l‘/;Kl(rW\/S/cl)] = (A]S)

Cys|A A
w2 21y /57 er) + 5 Koy /57er) = 2aM Ay | = 2

Prg

At the interface between the skin zone and formation zone, the con-
tinuity of radial displacement, radial stress, pore pressure, and fluid flux
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requires that:

I(r s/c
4 l(s\//l)_ nA2

S\ e GS,
n BKl(rSVS/CZ)_'_ﬂ

K (r¢+/s/cy) A
Kisvs/e) |y, M

Vs/e r's

- _ X (A.19)
GS, Vs/e r's
_ oy, Ii(rsgv/s/c)) +%A Ky (rgv/s/cy) L _2G
S rsVile ST rsyfe 1
26, _ 2, KiUsvs/a) 26, A20
Tl — T (A.20)
rg 2 rsv/s/c rg

A Iy(rs\/s/e) ]S + A Ky(rg/s/c))/ S| —2aM Ay = B,Ky(rsy\/s/cy) /S,
(A21)

k k
—Alj VS/CIII("SVS/CI)/SI +A271 V5/01K1<rSVS/C1)/S1
k
= Bsz1<rS\/S/Cz>/Sz

Egs. (A.17) to (A.22) are solved simultaneously to determine the re-
maining constants A; to A4, B, and B,, which are then substituted back
into Egs. (A.5) to (A.15) to get the Laplace domain solutions for stress,
pore pressure, and displacement in the skin zone and formation zone.

(A.22)
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