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Abstract

Laplace transform step-response functions are presented for various homogeneous confined and leaky aquifer types and fc
anisotropic, homogeneous unconfined aquifers interacting with perennial streams. Flow is one-dimensional, perpendicular to
the stream in the confined and leaky aquifers, and two-dimensional in a plane perpendicular to the stream in the water-table
aquifers. The stream is assumed to penetrate the full thickness of the aquifer. The aquifers may be semi-infinite or finite in width
and may or may not be bounded at the stream by a semipervious streambank. The solutions are presented in a unified manner ¢
that mathematical relations among the various aquifer configurations are clearly demonstrated. The Laplace transform solutions
are inverted numerically to obtain the real-time step-response functions for use in the convolution (or superposition) integral.
To maintain linearity in the case of unconfined aquifers, fluctuations in the elevation of the water table are assumed to be small
relative to the saturated thickness, and vertical flow into or out of the zone above the water table is assumed to occur
instantaneously. Effects of hysteresis in the moisture distribution above the water table are therefore neglected. Graphical
comparisons of the new solutions are made with known closed-form solutions. Published by Elsevier Science B.V.

Keywords Stream/aquifer interaction; Mathematical models; Confined aquifers; Leaky aquifers; Unconfined aquifers; Seepage

1. Introduction another, and that the use of one can affect the quantity

and quality of the other. It is perhaps because of this
Increased demand for water associated with popu- that water-resource managers have taken considerable

lation growth has heightened public awareness of the interest in quantification of the interaction of surface

importance of the proper management of limited water and ground water. Analytical models are helpful

water resources. With this awareness has come atools in this endeavor.

recognition by the public that ground-water reservoirs ~ One perceived difficulty in the use of analytical

and surface-water supplies are connected to onemodels is the fact that the necessary boundary con-
ditions—stream stage and regional recharge or
evapotranspiration—change continuously. While it
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Nomenclature

Symbol Definition [dimension (L, length; T, time)]

> o

~

~

1D 35O 0 OO0

Streambank leakance [L]

Dimensionless streambank leakance

Thickness of aquifer (or saturated thickness for water-table aquifer) [L]

Thickness of aquitard (or saturated thickness for water-table aquitard) [L]
Instantaneous step change in water level of stream [L]

Thickness of semiprevious streambank material [L]

Head in aquifer [L]

Head in aquitard [L]

Dimensionless step-response function for head in aquifer

Dimensionless Laplace transform step-response function for head in aquifer
Dimensionless Laplace transform average head in a partially penetrating observation well
Dimensionless Laplace transform average head in a fully penetrating observation well
Initial water level (or potentiometric surface) in stream—aquifer system [L]

Water level in stream after step change [L]

Hydraulic conductivity of confined and leaky aquifers [L/T]

Dimensionless ratio of vertical to horizontal hydraulic conductivity

Hydraulic conductivity of semipervious streambank material [L/T]

Horizontal and vertical hydraulic conductivity of water-table aquifers, respectively [L/T]
Vertical hydraulic conductivity of aquitard [L/T]

Dimensionless grouping

Integer counter in infinite summations

Laplace transform variable [dimensionless]

Terms in the Laplace transform solutions for water-table aquifers [dimensionless]
Volumetric flow rate to or from aquifer per unit volume of aquifer [1/T]

Dimensionless Laplace transform leakage between aquifer and aquitard

Seepage rate per unit length of strear¥Tl}

Dimensionless seepage between stream and aquifer

Dimensionless Laplace transform seepage between stream and aquifer

Storativity (storage coefficient) of aquifer [dimensionless]

Specific storage of aquifer [1/L]

Specific storage of aquitard [1/L]

Specific yield of aquifer [dimensionless]

Specific yield of aquitard [dimensionless]

Time [T]

Dimensionless time

Dimensionless time with respect to specific yield

Transmissivity of aquifer [E/T]

Term for aquifer width in Laplace transform solutions for confined and leaky aquifers [dimension

Term for aquifer width in Laplace transform solutions for water-table aquifers [dimensionless]

Horizontal coordinate [L]
Dimensionless horizontal coordinate
Width of aquifer [L]

less]
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XD Dimensionless width of aquifer

Xo Distance from middle of stream—aquifer boundary (half-width of stream) [L]

Xob Dimensionless distance to streambank

z Vertical coordinate [L]

Z Vertical coordinate of bottom of screened interval of observation well [L]

Y Vertical coordinate of top of screened interval of observation well [L]

Z Dimensionless vertical coordinate in aquifer

o1 Dimensionless vertical coordinate of bottom of screened interval of observation well

Zn2 Dimensionless vertical coordinate of top of screened interval of observation well

z, Vertical coordinate of observation piezometer opening [L]

Greek letters

Bo Dimensionless product of anisotropic ratio of vertical to horizontal hydraulic conductivity and
square of dimensionless distance to streambank

€n Roots of equations in Laplace transform solutions for water-table aquifers [dimensionless]

Y1 Dimensionless ratio of aquitard to aquifer hydraulic conductivity

T Time variable of integration (delay time) [T]

o Dimensionless ratio of aquifer storativity to aquifer specific yield

o1 Dimensionless ratio of aquitard to aquifer storativity

o' Dimensionless ratio of aquifer storativity to aquitard specific yield

models of stream—aquifer systems with the method of been used for unconfined aquifers, replacing the
convolution (superposition). The analytical approach confined-aquifer storage coefficient (storativity) with
is often the simplest and quickest way to obtain answers specific yield. This latter approach has limitations,
to questions posed by water-resource managers.however, because it neglects vertical components of
Analytical models can also be instrumental in improv- flow and improperly defines the behavior of the free
ing our understanding of physical processes occurring surface.
within a ground-water flow system. The analytical In this paper, Laplace transform step-response
approach can be used to predict short-term water- functions are presented for several confined, leaky,
table fluctuations in response to a passing flood and water-table aquifer configurations. The Laplace
wave, the flux of water between the aquifer and domain solutions are numerically inverted to the
stream, cumulative bank storage, and stream basereal-time domain with the Stehfest (1970) algorithm
flow during periods of little or no precipitation. (see Moench and Ogata, 1984). Following Hall and
Analytical models can also be used to estimate aquifer Moench (1972), the stream is assumed to penetrate the
hydraulic properties and recharge. full thickness of an aquifer, the aquifer may be semi-
The literature is replete with analytical solutions for infinite or finite in width, and the stream channel may
the interaction of confined, leaky, and water-table or may not be lined with materials that have hydraulic
aquifers with an adjoining stream. A detailed but not properties different from those of the aquifer (semi-
fully comprehensive review of these solutions and pervious streambank).
their applications is provided by Barlow and Moench The homogeneous aquifer models described in this
(1998) and will not be repeated here. Because they paper involve one-dimensional flow (perpendicular to
involve one-dimensional horizontal flow in the aqui- the stream) in confined and leaky aquifers, and two-
fer and one-dimensional vertical flow in the aquitard, dimensional flow (in a vertical plane perpendicular to
solutions for confined and leaky aquifers are relatively the stream) in water-table aquifers. All aquifers are
simple mathematically. Nevertheless, they have beenassumed to be bounded below by a horizontal,
found to be quite practical and are often cited in the impermeable base. The leaky aquifers: (1) are
literature. Solutions for confined aquifers have even overlain by aquitards that are bounded above by either
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an impermeable layer or a constant-head source bed;

or (2) are overlain by a water-table aquitard. The
water-table aquifers are overlain by a thick unsa-
turated zone from which water drains or imbibes
instantaneously in response to a fluctuating water
table. Moisture redistribution in the unsaturated
zone is assumed to be unaffected by hysteresis.
The several solutions presented in this paper differ
from previously developed analytical approaches
primarily in the wide range of aquifer types to
which they can be applied.

Though developed for the condition of a sudden
change of the water level in a stream relative to that
of the aquifer, the step-response functions are
equally applicable to the condition of a sudden
change of the water level in an aquifer relative to
that of the stream, caused, for example, by basin-
wide recharge, irrigation, or evapotranspiration (see,
for example Kraijenhoff van de Leur (1958), Rora-
baugh (1960, 1964), Singh (1969), Singh and Stall
(1971), Daniel (1976) and Rutledge (1993, 1997)).
Because stream-stage fluctuations often occur
simultaneously with recharge or evapotrans-
piration, it is important to consider the combined

effect of such simultaneous stresses on the stream-—

aquifer interaction.

In the companion paper by Barlow et al. (2000), the
various step-response functions are combined with the
convolution method to demonstrate time-varying
head, seepage at the streambank, and cumulativ
bank storage that occur as a result of a hypothetical sinu-
soidal stream-stage hydrograph. In addition, Barlow et al.
(2000) apply the methodology to two field sites.

2. Mathematical development

This section describes the simplifying assumptions
and boundary-value problems for each of the confined,
leaky, and water-table aquifer configurations leading
to the Laplace transform step-response functions.
Detailed derivations of the Laplace transform
solutions for all aquifer types are given by Barlow
and Moench (1998, Attachment 1). The following
assumptions apply to all aquifer configurations in
this paper.

1. Each aquifer is homogeneous and of uniform
thickness.
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2. The lower boundary of each aquifer is horizontal

and impermeable.

Hydraulic properties of the aquifers do not change
with time.

The porous medium and fluid are slightly com-

pressible.

Observation wells or piezometers are infinitesimal
in diameter and respond instantly to pressure
changes in the aquifer.

The water level in the stream is initially at the same
elevation as the water level everywhere in the aqui-
fer and aquitard.

The semipervious streambank material, if present,
is homogeneous, isotropic, and has negligible
capacity to store water.

The stream forms a vertical boundary to the aquifer
and fully penetrates the aquifer.

The stream flows in a straight line (that is, without

sinuoisity).

3.
4.

5.

6.

7.

8.

9.

The assumption that the stream fully penetrates the
aquifer is a common assumption made to simplify the
mathematics. The assumption was discussed by
Hantush (1965) who stated that, to be valid, the obser-
vation piezometers should be at least the distance of
1.5 away from the streambank (wheyés the aquifer
thickness). In this paper, the fitting parametgrfor
semipervious streambank material is used to loosely
account for constricted flow at the streambank due to

epartial penetration and effects of other idealizations.

Hantush (1965) describes the parametgras the
effective width of aquifer material required to cause
the same head loss as the semipervious streambank
itself. For a recent analysis of a finite-width stream
that slightly penetrates a water-table aquifer the reader
is referred to Zlotnik and Huang (1999).

2.1. Confined and leaky aquifers

Figs. 1-4 are diagrammatic cross-sections through
the idealized semi-infinite confined and leaky aquifer
configurations, with and without a semipervious
streambank, for which analytical solutions are
presented. Analogous figures could be drawn for
finite-width aquifers by placing a vertical imperme-
able boundary at some distance= x, . The aquifers
are bounded below by impermeable material and
above by either impermeable material (confined
case, Fig. 1) or by a poorly permeable aquitard
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Fig. 1. Semi-infinite, confined aquifer: (A) without semipervious

A.F. Moench, P.M. Barlow / Journal of Hydrology 230 (2000) 192—-210

R(x,0) hj

=
<

*

ATTLLLII L LA T LR LA LR L LR RN AL SRR S SRR R RN
0 Xy

X —

h(x,0) I b

0 X
X —
EXPLANATION
-] AQUIFER IMPERMEABLE (NO-FLOW)
BOUNDARY
[] AQuUITARD

W POTENTIOMETRIC HEAD IN
AQUIFER-Dashed portion
indicates initial potentiometric
surface and stream stage

4 SOURCE BED

SEMIPERVIOUS
STREAMBANK
= STREAM STAGE

Fig. 2. Semi-infinite, leaky aquifer with constant head overlying the

streambank material; and (B) with semipervious streambank aquitard (case 1): (A) without semipervious streambank material;

material.

and (B) with semipervious streambank material.

(leaky case, Figs. 2—4). Laplace transform solutions 1. The aquitard is homogeneous, isotropic, and of

for the step-response functions are presented for

confined aquifers and for three types of leaky aquifers. 2.

The leaky aquifers differ from one another by the
condition at the upper boundary of the aquitard as
follows: (1) a source bed with a constant head over-
lying the aquitard (leaky aquifer case 1, Fig. 2); (2) an
impermeable layer overlying the aquitard (leaky aqui-
fer case 2, Fig. 3); and (3) an aquifer that is overlain
by a water-table aquitard (leaky aquifer case 3, Fig. 4).
The flow in each type of aquifer is horizontal and one-
dimensional. The figures show the location of the
origin of the coordinate system at the base of the
aquifer and middle of the stream. To the general
assumptions listed above, one must add the following
assumptions regarding the aquitard.

uniform thickness.

The hydraulic conductivity of the aquitard must be
much smaller than the hydraulic conductivity of
the underlying aquifer and flow in the aquitard is
strictly vertical.

. For case 3, that of a leaky aquifer overlain by a

water-table aquitard, water in the zone above the
free surface is released (or taken up) instant-
aneously in a vertical direction in response to a
decline (or rise) in the elevation of the water
table. In addition, the change in saturated thickness
of the water-table aquitard due to stream-stage
fluctuations or recharge is small compared with
the initial saturated thickness of the aquitard.
Finally, pressure changes caused by recharge are
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Fig. 3. Semi-infinite, leaky aquifer with impermeable layer over-
lying the aquitard (case 2): (A) without semipervious streambank
material; and (B) with semipervious streambank material.

propagated nearly instantaneously by virtue of
aquitard diffusivity to the underlying aquifer.

Validity of assumption 2 requires a large contrast in
hydraulic conductivity between the aquifer and aqui-

tard. Neuman and Witherspoon (1969) found that the
errors introduced by this assumption are usually less

than 5% if the hydraulic conductivity of the aquifer is
100 times the hydraulic conductivity of the aquitard.

2.1.1. Boundary-value problems

2.1.1.1. Aquifer. The governing partial differential
equation describing one-dimensional, horizontal
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Fig. 4. Semi-infinite, leaky aquifer overlain by a water-table aqui-
tard (case 3): (A) without semipervious streambank material; and
(B) with semipervious streambank material.

ground-water flow in a confined or leaky aquifer is

K ot ’

whereh is the vertically averaged head in the aquifer;
X the horizontal coordinates; the specific storage of
the aquifer; K the hydraulic conductivity of the
confined or leaky aquifet; the time;q’ is the source
term and equals—(K'/Kb)((9h'/92),_); K’ is the
vertical hydraulic conductivity of the aquitard; and
h' is the head in the aquitard. For confined aquifers,
K’ =0, henceq = 0. The domain for Eq. (1) for
semi-infinite aquifers isx; = x < oo and for finite-
width aquifers isxg = x = x_, wherex_ is the width

of a finite-width aquifer. In Eq. (1)yis a function ofx
andt, andh’ is a function ofz andt.

1

NG
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Table 1
Dimensionless variables and variable groupings for confined and
leaky and aquifers

Dimensionless variable Definition
or grouping
Xp X/Xo
XD XL /%o
Xop Xo/b
ho (h — hy/c
to Kt/SpG
A Kd/KsXo
o1 Slsb//%b
o' Ssb/gy
Y1 Xo/b' VKb /Kb
m ap/ 712
The initial condition for all boundary-value
problems is
h(x,0) = h; 2

whereh; is the initial water level (or potentiometric
surface) in the stream—aquifer system.

Several boundary conditions are used for the
confined and leaky aquifers; the particular set of

boundary conditions used for each system depends on

the conditions being modeled. For a semi-infinite aqui-
fer, the boundary condition asapproaches infinity is

h(co, 1) = h;, 3
whereas for a finite-width aquifer, the boundary con-

dition atx = x_is

oh
&(th) =0. 4

The boundary condition used at the stream-aquifer
interface depends upon the presence or absence o

semipervious streambank material. For conditions of

no semipervious streambank material, a specified

head is used aty
h(xo, t) = hy, ()]

where hy is the water level in the stream after the

instantaneous step change. For conditions in which 3_W (b + b’
semipervious streambank material is present, a head- 9z

dependent flux boundary condition is usecat

oh(xp,t)
x

1
- E[ho — h(xo, )], ©)
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wherea is streambank leakance afit) — h(xg, t)] is
the change in head across the semipervious streambank
material. Streambank leakance is defined as

Kd
K ™
whered is the thickness of the semipervious stream-
bank material andKs is the hydraulic conductivity of
the semipervious streambank material. The ritia

can and should be considered a single fluid-transfer
parameter. The use @f is similar to the concept in
well hydraulics of an infinitesimally thin well-bore
skin at a pumped well.

2.1.1.2. Aquitard.For leaky aquifer conditions, a
governing partial differential equation describing
one-dimensional, vertical flow in the overlying
aquitard must be solved with appropriate boundary
conditions and coupled with Eq. (1) This equation is

P s an
a2 K at’
where S; is the specific storage of the aquitard. The
domain for which Eq. (8) is applicabletis< z< b + b'.

The initial condition for head in the aquitard for all
boundary-value problems is

h/(Z, 0) = hi'

®

9

The boundary condition along the aquitard—aquifer
boundary(z=b) is
h'(b,t) = h.

Alternative boundary conditions are used for the
top of the aquitardiz= b + b’) that depend upon
the presence and hydraulic conditions of the overlying

10

Ped. For the condition of constant head overlying the

aquitard (case 1), the boundary condition at the top of
the aquitard is

h'(b + b/, t) = h;. (12

For the condition of an impermeable layer overlying
the aquitard (case 2) the boundary condition is
D=0 12
For the condition in which the overlying material is

unsaturated, the aquitard is under water-table condi-
tions (case 3, modeled after Cooley and Case (1973)).



A.F. Moench, P.M. Barlow / Journal of Hydrology 230 (2000) 192—-210

199

In this case, the boundary condition at the water table lics and applied to stream—aquifer interaction by Onder

is

oh’

—Z(b +b't) = (13

!
Sg’ oh —(b+Db,1),
ot
wheres’,y is the specific yield of the aquitard.

2.1.2. Laplace transform step-response functions
The dimensional boundary-value problems

(1998)) that are beyond the scope of this paper. For a
confined aquifer with no overlying aquitard

=0

for a leaky aquifer with constant head overlying the
aquitard (case 1)

b = ¥a+/m coth(/m);

described by Egs. (1)—(13) are made dimensionlessfor a leaky aquifer with an impermeable layer over-

by substituting the dimensionless variables and vari-
able groupings shown in Table 1. The mathematical
development is outlined in Attachment 1 in Barlow
and Moench (1998). The Laplace transform step-
response functions for all confined and leaky aquifer
types can be written in the most general form as

o= Wexp—+/p + 0o(%p — )]
" p{l+ b+ AtanH P+ Go(xp — DI}’
(14

wherehy, is the dimensionless Laplace transform step-
response function at any poingfj in a vertical cross-

lying the aquitard (case 2)
0o = Yiv/mtanhy/m);

and for a leaky aquifer overlain by a water-table aqui-
tard (case 3)

_ [VM(o'y) tanhty/m) + p]
% %m[\/ﬁw’vf) + ptanh(ym)]

Parameters;, m, ¢’ are defined in Table 1.

Eqg. (14) is the general solution for all of the
confined and leaky aquifer types. For example, for a
semi-infinite, confined aquifer with no semipervious

section of the aquifer. The bar over the step-responsestreambank material between the aquifer and stream,

function (p) represents the Laplace transform. The
Laplace transform variablgy, is inversely related to
dimensionless tim#,. For semi-infinite aquifersy p
goes to infinity and the hyperbolic tangent in Eq. (14)
is unity. ParameteW is a function of the width of the

W =1, A=0, andqgp = 0. Under these conditions,
Eq. (14) becomes

exp—,/PXp — 1)]

ﬁ:
P p

; 15

aquifer perpendicular to the stream and is defined as \yhich can be analytically inverted from the Laplace

_ &Xp—2p+ Pppo —Xp) +1
exp—2/p+ Qoo — DI +1°

W equals 1 for semi-infinite conditions. Parameias
dimensionless streambank leakance

A= 2
Xo
wherea, streambank leakance, is defined by Eq. (7).
For conditions in which there is no semipervious
streambank material = 0.
Parameter (or source termy) accounts for leakage

domain and written in the real-time domain as

Xp — 1)]

h ~v "7
° (4tp) 2

= eff (16)
Eqg. (16) is the form most often cited in the literature
for the condition in which the origin of the coordinate
system is ak, = 0 (Hall and Moench, 1972; Neuman,
1981).

The Laplace transform solution for seepage
between the stream and aquifer can be determined
by finding the gradient of the step-response solution
at the stream—aquifer boundary (i.e xgt= 1). This

between the aquifer and overlying aquitard and takes gradient is found by differentiation of Eq. (14) with

on different forms depending upon the type of leaky
aquifer. In fact, mathematical expressions dgrcan
also be derived for completely different aquifer types

(e.g. various double-porosity aquifer geometries such 3

as those described by Moench (1984) for well hydrau-

respect to; and evaluation of the resulting solution at

=1

1n

dxp ‘o1
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where Qp is dimensionless seepage in the Laplace
domain. As described in Barlow and Moench (1998,
Attachment 1), the gradient at the stream—aquifer
boundary for the confined and leaky aquifers, based
on Eq. (14), is

Q _ —/P + o
° " pll + P T GoAtaniyp + Golxp — DI}

o { exp—2p + Go(xp — D1 — 1 } (18)

exp—2/p+ poXp — D] +1
For a semi-infinite, confined aquifer with no semi-

pervious streambank material between the aquifer and4.

stream, A = 0, 0p = 0, and the exponential terms in

A.F. Moench, P.M. Barlow / Journal of Hydrology 230 (2000) 192—-210

the brackets equat-1. Under these conditions, Eq.
(18) becomes

19

which can be analytically inverted from the Laplace
domain and written in the real-time domain as

(o)
(mtp)V2 )’

where Qp is dimensionless seepage in the real-time
domain. Eqg. (20) is identical to that given by Hall and
Moench (1972).

Qo (20)

2.2. Water-table aquifers

Fig. 5 shows diagrammatic cross-sections through
idealized semi-infinite water-table aquifers, with and
without a semipervious streambank, for which analy-
tical solutions are presented. An analogous figure
could be drawn for a finite-width aquifer (with an
impermeable boundary at= x ). Each aquifer is
bounded by a stream with a depth that extends from
the impermeable boundary underlying the aquifer
(z=0) to the water table az=b. Except for the
addition of the finite-width aquifer and the stream
with a semipervious streambank, the solution
presented here is equivalent to the solution presented
by Neuman (1981). Ground-water flow is assumed to
be two-dimensional in thg, z plane perpendicular to
the stream for each of the water-table aquifers. As
with the confined and leaky aquifers, the distance
from the middle of the stream to the stream—aquifer
boundary isxy (Fig. 5). To the general assumptions
listed above, one must add the following assumptions
regarding models for the water-table aquifers.

1. Each aquifer can be anisotropic, provided that the
principal directions of the hydraulic conductivity
tensor are parallel to the z coordinate axes.

. Water is released (or taken up) instantaneously in a

vertical direction from (or into) the zone above the

water table in response to a decline (or rise) in the
elevation of the water table.

The change in saturated thickness of the aquifer

due to stream-stage fluctuations or recharge is

small compared with the initial saturated thickness.

Seepage and ground-water head at the stream-—

aquifer boundary are independent of depth.

3.
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Because ground-water flow is assumed to be two-
dimensional, heads can vary in both tRkeand z
directions and are not necessarily uniform over the
thickness of each aquifer as with the confined and
leaky aquifers. Fig. 5A shows schematic drawings
of a partially penetrating observation well and an
observation piezometer at which ground-water-level

201

where K, and K, are the horizontal and vertical
hydraulic conductivities of the water-table aquifer,
respectively. Thex-domain for Eq. (21) for semi-
infinite aquifers isxg = x < oo and for finite-width
aquifers isxg = x < x_. The zdomain for all water-
table aquifersis 6= z < b. In Eg. (21),his a function
of x, z, andt.

measurements could be made. The head measured at The initial condition for all solutions is

the observation well is the average head that exists

over the screened interval of the well. Because
ground-water heads can vary over the vertical thick-
ness of the aquifer, it is likely that heads measured in
an observation piezometer and in a partially pene-

h(x,z 0) = h;, (22

whereh; is the initial head in the aquifer.
Several boundary conditions are used for each of
the water-table aquifers; the particular set of boundary

trating observation well located at the same distance conditions used for each system depends on the con-
from the stream would not be equivalent. The only ditions being modeled. For a semi-infinite aquifer, the
condition under which the heads would be equivalent boundary condition ag approaches infinity is
is that in which a uniform head distribution occurred h(co,2.1) = hy
over the full saturated thickness of the aquifer, such as ’ "
might occur far from the stream where flow is essen- whereas for a finite-width aquifer, the boundary
tially horizontal. condition atx = x, is
With regard to the zone above the water table where
water is held under tension, assumption 2 implies that —(x_,zt) =0.
the equilibrium profile of soil moisture versus depth in
the unsaturated and nearly saturated (capillary fringe) ~The boundary condition used at the stream-aquifer
zones moves instantaneously in the vertical direction interface depends upon the presence or absence of
by an amount equal to the change in altitude of the semipervious streambank material. For conditions in
water table. This assumption is commonly made in the Which there is no semipervious streambank material, a
analytical treatment of flow in water-table aquifers specified head is used =
(e.0. Neuma_m, 1972,1981) but_ may not_ Iead_ to accurate h(X, 2 t) = ho, (25)
representation of head variations in piezometers
located near the water table (Moench, 1995). In fact, where hy is the water level in the stream after the
as suggested by an analysis of field data in the compa-instantaneous step change. For conditions in
nion paper by Barlow et al. (2000), a water-table aqui- which —semipervious streambank material is
fer may respond very much like a confined aquifer if present, a head-dependent flux boundary condition
the unsaturated zone is thin and the specific yield is is used atx
small. Assumption 2 also requires that there be no
hysteresis in the relation between the soil water
content and soil matric potential as the water table
fluctuates in response to stream-stage variations.

(23

(29

h 1
&(XO’Zet) == a[ho — h(xo, Z V)], (26)
where a, streambank leakance, is defined in Eq.
(7) and[hy — h(Xo, )] is the change in head across
the semipervious streambank material.

The boundary condition at the water tal#te= b) is

§ i

K, at’

2.2.1. Boundary-value problems
The governing partial differential equation describ-
ing two-dimensional, cross-sectionad ¢) flow in a

a—:(x, b,t) = —
water-table aquifer is

27
where§, is the specific yield of the aquifer. Eq. (27)
results, in part, from the assumption that drainage from
the zone above the water table occurs instantaneously.

9%h
NG

K, 9°h S ah

K, 022 Ky at’

(21
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Table 2
Dimensionless variables and variable groupings for water-table
aquifers

A.F. Moench, P.M. Barlow / Journal of Hydrology 230 (2000) 192—-210

For the semi-infinite aquifers p goes to infinity and
the hyperbolic tangent in Eq. (29) in unity. Parameter
W, is a function of the width of the aquifer perpen-

Dimensionless variable Definition dicular to the stream and is defined as

or grotome _ exp—20,(p —Xp)] +1

X X% " expl—20,0¢p —~ DI+ 1

X.p XL/Xo

Xop Xo/b W, equals 1 for semi-infinite conditions. As with the

D Zb confined and leaky aquifer types, parameidi able

Zzzl ?;E 2) is dimensionless streambank leakance. For con-

by (h — hyfc ditions in which there is no semipervious streambank

to K, t/S)@ = TUSK material, A = 0.

toy VS Eq. (29) is the Laplace transform solution for head

A Ked/Ks¥o at each point in a water-table aquifer, such as at an

E %k/’}/(s/ observation piezometer. For a partially penetrating

BE Koxd, observation well (Fig. 5A), the average head in the
well (hp) is found by integrating Eq. (29) over the
screened intervaly; to zy,. The result is

It is the same free-surface condition used by Neuman Ry = 2

(1972, 1981).
The boundary condition at the impermeable (no-flow)
lower boundaryz= 0) is

3—:(X, 0,t)=0. (28)

2.2.2. Laplace transform step-response functions
The dimensional boundary-value problems

described by Egs. (21)—(28) are made dimensionless
by substituting the dimensionless variables and vari-
able groupings shown in Table 2. The Laplace trans-

form step-response functions for all water-table
aquifer types can be written in the most general
form as

)

Fo—2 Z W, exp—d,(Xp — 1)] sin(e,) cogenzp)
® %4 {1+ Aqg, tanhg(x o — DI}ple, + 0.5 sin2e,)]’

(29
where
th = (e3Bo + P2 (30)
ande, are the roots of
€, tan(e,) = L 3D
aBo

In EqQ. (29),hp, is the Laplace transform step-response
function at any pointxp, zp) of a water-table aquifer.

—c X
(Zp2 — Zp1)

0

W, expl—0,(Xp — 1)] Sin(en)[Sin(enzp2) — SiN(€,2p1)]
{1 + Aq, tanHo(xp — D1} penle, + 0.5 sin2e,)]

(32

By setting zo; =0 and zy, = 1, one obtains the
average head in a fully penetrating observation
well (hp)

hD:2 X

o0

D W, expl—0n(Xp — D] sin’(e,)
=0 {1 + Aq, tanHgn(X .o — D1} penlen + 0.5 sin2e,)]

(33

Egs. (29)—(33) are general solutions for all of the
water-table aquifer types. For example, for a semi-
infinite, water-table aquifer with no semipervious
streambank materialW, =1 and A= 0. Under
these conditions, and the additional condition in
which the head is measured in a fully penetrating
observation well, Eq. (33) becomes

X expl—On(%p — DI Sinf(en)

ho =2 penl€, + 0.5 sin2¢,)]

(34
n=0

Eqg. (34) reduces to the Laplace transform step-
response function for a confined aquifer (Eq. (15)) if
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Table 3
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aquifers for a unit-step increase (input) in the eleva-

Parameters and dimensions of the hypothetical confined and leaky tion of stream stage relative to that of piezometric

aquifers

Parameter Value

Aquifer

Hydraulic conductivity K)
Specific storageS)
Thickness If) 25ft (7.6 m)
Width of aquifef (x.) 500 ft (152.4 m)
Distance from middle of stream 25 ft (7.6 m)

to stream—aquifer boundangj

200 ftd ™t (71x 10 *ms 1)
1x10°ft 1 (33%x10°m™})

Aquitard®

Vertical hydraulic
conductivity ')

Specific storagei)

2ftd* (7.1x10 % msh)

1x1074f1(33x10*m™Y)

Specific yield (g/,) 25x107!
Thickness or saturated 251t (7.6 m)
thickness i)

2 For finite-width aquifers.
® For leaky aquifers.
¢ For leaky aquifers overlain by a water-table aquitard.

specific yield is zero (see Barlow and Moench (1998),
Attachment 1).
The Laplace transform solution for seepage

between the stream and aquifer can be determined
by finding the gradient of the step-response function

at the stream—aquifer boundary (i.exgt= 1). This
gradient is found by differentiation of Eq. (33) with
respect to; and evaluation of the resulting solution at
XD = l

__dhp
% ) (35)

D
xo=1

head in the adjoining aquifer. The evaluation demon-
strates the influence of aquifer type, aquifer extent,
and aquifer and streambank hydraulic properties on
ground-water heads and seepage rates. The solutions
also are compared graphically to several previously
published solutions.

Changes in ground-water heads are related to a
unit-step increase by (Tables 1 and 2)

h, — h(x,t) = —hpc, (37

where c is the step increase in water level of the
stream relative to the water level in the aquifby,
is determined by numerical inversion of the chosen
expression for dimensionless head, and the negative
sign in introduced in Eg. (37) so that changes in
ground-water heads are positive for a rise in stream
stage. The unit-step increase is equal to 1.0 ft (0.3 m).
English units are used in this and the companion paper
and Sl-unit equivalents are given in parentheses.
Dimensional seepage rates are determined from Eq.
(17) or Eq. (35), Darcy’s law, and the definition tf
andxp given in Table 1

_ Kybc
Xo

whereQ(t) is seepage rate per unit stream length at

timet, andQp is the dimensionless seepage in the real-

time domain. For confined and leaky aquifels, is
replaced by.

QM) Qpb. (38

3.1. Confined and leaky aquifers

Parameters and dimensions of the hypothetical

where Qp is dimensionless seepage in the Laplace confined and leaky aquifers and overlying aquitards

domain. The general solution for dimensionless
seepage at the streambank is

o Sinf(ep)

used in the evaluation are shown in Table 3. Changes
in ground-water heads were calculated at a hypo-

(36)

®=-23
n=0

3. Evaluation of analytical solutions for step input

In this section, the analytical solutions are evalu-

ated for hypothetical confined, leaky, and water-table

— {1 + Ag, tanto,(X.p — DI} penlen + 0.5 sin2e;,)]

{qu_an(XLD — D] — 1}
exp—20,(xp — DI + 1)

thetical observation well 100 ft (30.5 m) from the
middle of the stream, which is 75 ft (22.9 m) from
the stream—aquifer boundary.

Figs. 6 and 7 show changes in ground-water heads
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PER DAY PER FOOT OF STREAM LENGTH CHANGE IN GROUND-WATER HEAD, IN FEET
PER DAY PER FOOT OF STREAM LENGTH CHANGE IN GROUND-WATER HEAD, IN FEET
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Fig. 6. (A) Change in ground-water head; and (B) seepage rate to Fig. 7. (A) Change in ground-water head; and (B) seepage rate to
aquifer, for 1-foot (0.3 m) increase in stream stage, semi-infinite aquifer, for 1-foot (0.3 m) increase in stream stage, finite-width
confined aquifer with and without semiprevious streambank material. confined aquifer with and without semipervious streambank material.
(L0ft=31x10"m10fPd  ft™ ' =11x10°m*s ™ m™. (L0ft=31x10 1 m10fd 1fi 1=11x10°m’ s m™.

and seepage rates for a semi-infinite and finite-width  Both sets of head solutions asymptotically
confined aquifer, respectively, with and without semi- approach the unit-step stream-stage increase of 1.0 ft
pervious streambank material. Heads and seepage(Figs. 6A and 7A). Initially, fora = 0, seepage rates
rates were calculated by use of the Laplace transform from the stream to the adjoining aquifer are large
step-response functions and by use of the real-time (Figs. 6B and 7B). With increased time, ground-
domain solutions given by Hall and Moench (1972) water heads near the stream approach the stream-
for the same parameters and dimensions shown instage level and, as a result, hydraulic gradients and
Table 3. Negative seepage rates indicate that waterseepage rates at the stream-aquifer boundary
flows from the stream to the adjoining aquifer. Results approach zero. The inclusion of a streambank
for two streambed-leakance values are shown in leakance term delays the increase in ground-water
the figures,a= 100ft (30.5m) anda= 1000 ft heads at the observation well and reduces seepage
(304.8 m). Comparisons (in Figs. 6 and 7) between rates to the aquifer at early-time periods. As the
the inversion of the Laplace transform solutions and streambank leakance term is increased, seepage
real-time domain solutions of Hall and Moench rates at the stream-aquifer interface are greatly
(1972) for both heads and seepage rates for all of diminished by the increased hydraulic resistance at
the semi-infinite and finite-width aquifer conditions the streambank.

show no discernible difference. The response of semi-infinite and finite-width
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Fig. 8. (A) Change in ground-water head; and (B) seepage rate to Fig. 9. (A) Change in ground-water head; and (B) seepage rate to
aquifer, for 1-foot (0.3 m) increase in stream stage, finite- aquifer, for 1-foot (0.3 m) increase in stream stage, semi-infinite
width and semi-infinite confined aquifers. (1.0 ft= leaky aquifer with constant head overlying the aquitad0 ft =
31x10tm; 10fPd it =11x10mPs i m™Y). 31x10°tm 10fd it =11x10mPs tm™).

confined aquifers without semipervious streambank are shown in Fig. 9 for several values of the specific
material are compared for several values of aquifer storage of the aquitar(s;). Also shown in the figure
width in Fig. 8. At early-time periods (less than about are the solutions for a semi-infinite confined aquifer with
4% 10 * days, the semi-infinite and finite-width aqui-  storativity () of 2.5x 10 *. Each of the leaky aquifer
fers respond similarly. At later times, the narrower solutions asymptotically approaches a constant
aquifers & small) cause ground-water heads to rise (steady-state) value of ground-water head that is smal-
more quickly and seepage rates to approach zeroler, and a constant rate of seepage that is larger, than
more rapidly than do those for the wider aquifers the confined aquifer solutions. These result from the
(x. large) because of the overall smaller storage constant-head boundary condition that overlies the
capacity available in the narrower aquifers. As the aquitard and provides an infinite source (or sink) of
width of the finite-width aquifer increases, the ground-water storage to the aquifer/aquitard system.
responses approach the responses for the semi-infi-The figure shows that the response of the leaky aquifer
nite aquifer solutions. system is delayed relative to the confined aquifer, and
Solutions for a semi-infinite leaky aquifer with thatthe delay is increased as the specific storage of the
constant head overlying the aquitard (leaky aquifer aquitard increases. The real-time domain solutions of
case 1) without semipervious streambank material Hantush (1961) for similar leaky aquifer conditions
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i Table 4

w e ¥ i T == A Parameters and dimensions of the hypothetical water-table aquifer
z Solution for

O ,g| semiinfinite Parameter Value

u<.| confined aquifer

T (§=25x104) . . 1 4 -1

o '—Solution for Horizontal hydraulic 200ftd " (7.1%x10 "ms )
‘.j;’ osf e o conductivity (Ky) . Y

2 (s=25x10") Vertical hydraulic 40ftd* (1.4x10 "ms ™)

e conductivity (K,)

3™ ) Specific storage) 1x10°ft71(33%x10°m™Y
& Specific yield §) 25x10°t

Z o2} i Saturated thicknes®) 25ft (7.6 m)

5] Distance from middle of stream 25 ft (7.6 m)

E to stream—aquifer

SRy T Ta—T o 0.1 1 1o 100 boundary xg)

bz

‘LL) § Solu(k';n for ‘ g

o 3 sem#inﬁnﬂg \

ég i b tion at early times (Fig. 10A). The solutions for the

;E e three leaky aquifer types yield identical drawdowns

e (s=25x10") up to a time of about 0.01 days, when they begin to

§S S0} 1 diverge from one another because of the influence of

.‘2§ LEAKY AQUIFERS the upper boundary condition of the aquitard.

E‘E oS, At late time, the solutions for case 1 (aquitard over-

S T Geees lain by constant-head boundary) asymptotically

gg approach steady-state values of head and seepage

é‘c‘ﬂ o " " (as also shown in Fig. 9) because of the constant-
L ME NDavs o © head boundary condition that overlies the aquitard.

Solutions for case 2 (aquitard overlain by an imperme-
Fig. 10. (A) Change in ground-water head; and (B) seepage rate to gble boundary) asymptotically approach the confined
aquifer, for 1-foot (0.3 m) increase in stream stage, semi-infi- 50 jifer solutions but are shifted in time relative to the
nite leaky aquifers.(1.0ft=31x10 "m; 10ft°d ~ft™~ = . . .
11x10°mPstmY). confined aquifer solutions by a factor oftl(1/o).

The shift is analogous to that which occurs in flow to a
are also shown in Fig. 9. Hantush’s solutions do not well in leaky aquifers (see Moench, 1985, p. 1129).
consider storage in the aquitard; consequently, those The leaky aquifer solutions for case 2 approach the
solutions are equivalent to the solutions presented in confined aquifer solutions because the impermeable
this paper only when the specific storage of the boundary condition at the top of the aquitard prevents
aquitard is unreasonably small, such as the value any additional source (or sink) of leakage to the aqui-
of 1L.0x10 "ft™! (33x10 "m™1) shown in the fer at late time.
figure. Solutions for case 3 (water-table aquitard) are iden-

Solutions for all three types of leaky aquifers (case tical to those of case 1, up to a time of about 0.1 days,

1, case 2, and case 3) without semipervious stream-because the large storage capacity provided by the
bank material are compared in Fig. 10. Also shown in water-table boundary causes the system to respond
the figure are solutions for a semi-infinite confined as it would to a constant-head boundary overlying
aquifer with storativity of Bx10™* and 25x the aquitard. At late times, the solutions for case 3
101 These two storativities are limiting values for lie between those of cases 1 and 2, because the rate
the confined/leaky systems modeled here: the value of flow into storage at the water table slows. Even-
2.5x 10 “is that of the confined aquifer (no aquitard) tually, head changes and seepage rates for the water-
and the value % x 10! equals the specific yield of  table aquitard system approach those of a confined
the water-table aquitard. The leaky-aquifer head solu- aquifer with storativity equal to the specific yield of
tions quickly depart from the confined aquifer solu- the aquitard2.5x 10~ 1).
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observation well. As with the confined and leaky solu-
| A tions, negative seepage rates indicate that water flows
from the stream to the adjoining aquifer, in response
to the unit-step increase in stream stage. Also shown
in the figure are the limiting solutions (see Table 4) for

T T
Solution for
semi-infinite
confined aquifer \
08 (s=25x10%)

06

P4

Q

<

w

I

o

g NEUMA (1661) a semi—iqfinite confine? aquifer with storativity of

& e 25%x10 "and 25x 10 .

§ " a K=oz Ground-water heads calculated using the real-time

el . )

G, oot | domain _solqun of Neuman _(_19%_31_) for flow to a fuIIy_

= ot penetrating stream in a semi-infinite water-table aqui-

g (s=25x10"") fer also are shown in Fig. 11A. By making only minor

. T T Y R TR modifications in the computer progrankLay2 that
E x Neuman (1972) developed for the mathematically
5 Q| okonier - ' : P similar problem of flow to a well, ground-water
gy poted sty LT T T heads were calculated from Neuman’s (1981) solution
2 E s / ] for flow to a fully penetrating stream. Comparisons for
e L /£ 4 Solton for the three values df, shown in Fig. 11A between the
LgL%S e condred sauter numerical inversion of the Laplace transform step-
g 'é“‘”' /’ ] response function for ground-water hegd preserjted
nE / in this paper and Neuman'’s (1981) real-time solution
’é &l f / SOLUTIONS DERIVED | show no discernible difference.
u g i -2 Kp-oo Ground-water heads in Fig. 11A for any particular
5 « ii S Kp=02 value ofKp show the three characteristic segments of
T T Ta : T the response of water-table aquifers to a step change

TIME, IN DAYS in the stream stage. Physical explanations for these

three segments have been described by several
Fig. 11. (A) Change in ground-water head; and (B) seepage rate to quthors for the case of ground-water flow to a pumped
aquifer, for 1—f09t (O.3_m) increage in 'stream stage, semi-infin_ite well (e.g. see discussions by Neuman (1972, 1974)),
water-table aquifer without semipervious streambank material. . .
(L0ft=31x10  m 10fed 1 ft 1= 11x10°ms tm D). and the explanatl_ons are similar for the response of a
water-table aquifer to stream-stage fluctuations.
During the early-time segment, the aquifer responds
as would a strictly confined aquifer with storativity
3.2. Water-table aquifers equal to 5% 10 “. That is, water goes into elastic
storage by expansion of the aquifer materials and
Parameters and dimensions of the hypothetical compression of the pore water. Effects of vertical
water-table aquifer used in the evaluation are shown flow into the zone above the water table are not preva-
in Table 4. Changes in ground-water heads were lent during the early-time segment when horizontal
calculated at a hypothetical observation well 100 ft flow dominates. The length of time during which elas-
from the middle of the stream, which is 75 ft from tic-storage effects are prominent is increased as the
the stream aquifer boundary. ratio of vertical to horizontal hydraulic conductivity
Fig. 11 shows changes in ground-water heads and (Kp) is decreased. This is due to increased resistance
seepage rates for a semi-infinite water-table aquifer to vertical flow in the aquifer, because of the smaller
without semipervious streambank material for three values of vertical hydraulic conductivity. Although
values ofKp, (ratio of vertical to horizontal hydraulic ~ not shown in Fig. 11, the length of time during
conductivity), calculated using the Laplace transform which elastic-storage effects are prominent also
step-response functions. Ground-water heads showndecreases as the ratio of storativity to specific yield
in the figure are the average head over the full satu- (o, Table 2) decreases (Neuman, 1972).
rated thickness of the aquifer at the hypothetical During the intermediate-time segment, flow into
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Fig. 12. Change in ground-water head for 1-foot (0.3 m) increase in
stream stage at several vertical positions in a semi-infinite water-table
aquiferforKp = 0.2(1.0ft =31x 10 m; 1.0 d™ 1 ft™1 = 1.1x
10°msim?).

the unsaturated zone becomes important and the rate
of change of ground-water heads is slowed (Fig. 11A).
The delayed response of the water table is similar to
the response of the leaky aquifer systems shown in
Fig. 10. Vertical-flow components are important
during this segment as the water table rises. Finally, » :
during the late-time segment, the aquifer again e INDAYS ° 10
responds as would a strictly confined aquifer and '
ground-water heads converge on the solution for a Fig. 13. (A) Change in ground-water head; and (B) seepage rate to
confined aquifer with storativity equal ta%x 1071 aquifer, for l-fgot 0.3m) incree_tse in stream stage, semi-inf_inite
(Fig. 11A), which equals the specific yield of the ‘(’\f.‘éefrt'ti‘bflf?ll‘g?rlﬂdll.%ag daﬂug‘frl(l’elr.'i'z tl’g,vgffgjf‘f’ﬁi‘jf”‘a'd-
aquifer. Water goes into storage only by an increase
in the elevation of the water table. Horizontal ground-
water flow dominates during this time segment, as it response to saturation of the pores as the water table
did during the early-time segment. rises. The average head change over the thickness of
Fig. 12 shows ground-water heads in piezometers the aquifer responds more quickly than that at the
located at three vertical positions in the aquifer and water table, but lags behind those fgy = 0.0 and
the average head over the full saturated thickness of z; = 0.5. At late time, because the stream is assumed
the aquifer for Kp = 0.2. Vertical variations in  to penetrate the full thickness of the aquifer, all of the
ground-water heads over the saturated thickness ofcurves approach the solution for the confined aquifer
the aquifer in this instance result in upward flow with storativity equal to Bx 10™%, which implies
into the zone above the water table. The results that heads are uniform over the thickness of the aqui-
shown in Fig. 12 are similar to those presented by fer and that horizontal ground-water flow dominates.
Neuman (1972, Fig. 4, p. 1037) for the case of As noted by Neuman (1972), the convergence of the
ground-water flow to a well. Ground-water heads curves to the single, uniform solution is consistent
below the water tabléz, < 1.0) respond quickly to  with the Dupuit—Forchheimer theory of horizontal
the change in head at the stream—aquifer boundary asground-water flow in a water-table aquifer. It is only
aresult of elastic storage of the aquifer. An equivalent after this point in time that the use of the confined aquifer
head change at the water talglg = 1.0) is delayed  solution with storativity equal to the specific yield of the
relative to head changes deeper in the aquifer in aquifer is truly justified for a fully penetrating stream.
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Fig. 13A shows a comparison of the response in response of a water-table aquifer are presented in a
a water-table aquifer to that of an aquifer overlain similar format.
by a water-table aquitard. As noted by Boulton Of primary interest are the expanded solutions for
and Streltsova (1975) for the case of flow to a water-table aquifers and for leaky aquifers overlain
pumped well, the upper boundary condition in a by water-table aquitards. The general aspects of the
water-table aquifer is the same as that in an aqui- response of water-table aquifers and water-table
fer overlain by a water-table aquitard. Hence, aquitards to changes in the water level of a bounding
ground-water heads (and seepage rates) calculatedstream are similar to those that occur in response to
for the two aquifer types should approach one the withdrawal or injection of ground water from a
another as the thickness of the water-table aqui- well pumping from a water-table aquifer or leaky
tard becomes zero. This is also true for stream- aquifer overlain by a water-table aquitard; thus,
aquifer settings and is demonstrated by the results conclusions drawn in this study for these aquifer
shown in Fig. 13, in which simulations are shown for types are similar to previous investigations in the
several values of aquitard thickness (see Table 3 for field of well hydraulics.
the flow parameters) and a single simulation for the  Each of the stream—aquifer systems modeled in this
water-table aquifer (Table 4) in whidk; = 1.0. As paper derive from linear partial differential equations
shown in the figure, ground-water heads and seepageof ground-water flow and by linear boundary con-
rates for the water-table aquitard condition approach ditions. The assumed linearity of the systems allows
those of the water-table aquifer as the thickness of the for use of the convolution integral, which is the
aquitard is reduced from 25ft (7.6 mm) to 0.1ft subject of the companion paper by Barlow et al.
(0.03 m). (2000).
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