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A Composite Analytical Model for Analysis of
Pumping Tests Affected by Well Bore Storage
and Finite Thickness Skin

KENT S. NOVAKOWSKI
National Water Research Institute, Burlington, Ontario, Canada

A composite analytical model is developed for analyzing the results of pumping tests where the
influence of well bore storage and a skin region of finite thickness are present at the pumping well. The
solution of the boundary value problem for dimensionless drawdown in the pumping well, skin region,
and formation is derived using the Laplace transform method. The solution is verified by comparison
to solutions of pumping test problems with well bore storage only, with a composite formation only,
and with well bore storage and infinitesimally thin skin. Type curves obtained by numerically inverting
the solution for drawdown in the formation are used to illustrate the influence of well bore storage, the
effect of skin region characteristics, and the effect of radial distance. These show that the influence of
a finite thickness skin of reduced permeability is clearly identifiable over a fairly broad range of radial
distance from the pumping well when well bore storage effects are minimized. Conversely, the effects
of finite skin of enhanced permeability are more easily identified where the influence of well bore
storage is greater. In both cases the type curves are uniquely defined provided that the skin region is
of nonzero thickness. Type curves obtained for the solution for drawdown in the skin region are used
to illustrate the effect of outer or far-field boundary conditions. These type curves show that early time
data not influenced by well bore storage effects are required to detect the presence of outer boundaries
of reduced permeability. Drawdown data at late time, although less influenced by well bore storage
effects, are subject to nonuniqueness with regard to the characteristics of the skin and formation
regions. Quter boundaries of enhanced permeability are identified only at early time and are almost
entirely masked by well bore storage at later time.

INTRODUCTION

The most commonly used method to measure the trans-
missivity and storativity of a geological formation between
two or more wells is the pumping test. With this method, the
withdrawal of water from the pumping well is presumed to
influence the hydraulic head in the formation in a direct
instantaneous relation; i.e., the pumping well is of infinites-
imal radius and acts as a line source. Assuming the formation
is homogeneous, isotropic, confined, of infinite extent, and
single porosity, only one type curve (the Theis curve) is
required for analysis of pumping test results using this
method. Clearly, because pumping wells are always of
nonzero diameter, this assumption may lead to some error in
test analysis. However, for pumping tests conducted in
high-storativity media such as sands and gravels, the volume
of water released to the well from storage in the formation
during early time pumpage is usually significantly larger than
the volume of water stored in the well and thus little error is
introduced. Conversely, in low-storativity media such as
fractured rock, the volume of water released from storage in
the well is often substantially larger than the volume of water
released from the formation due to storage during pumping.
If the Theis curve is used to analyse pumping test data
obtained from a low-storativity environment, transmissivity
will be significantly underestimated and storativity overesti-
mated [Prats and Scott, 1976]. The obvious remedy to this
problem is to diminish the well bore storage capacity of the
pumping well. This can be achieved for tests conducted in
fractured rock, by packing-in the well (isolating the test zone
with packers or bridge plugs), although this is often imprac-
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tical due to the size of downhole pumps. In the case where
the well bore storage capacity of the well can not be reduced,
an alternate analytical method is required with which to
analyze drawdown data.

Pumping tests conducted in low-storativity media are also
commonly influenced by a zone of permeability reduction or
enhancement adjacent to the well [Earlougher, 1977]. This
zone is known as the skin region and depending on the
thickness and permeability contrast between the skin region
and the formation can significantly affect the observation
well response. Skin regions usually develop during the
drilling of wells as a consequence of drilling mud or rock
flour invasion. Consequently, most skin regions are of lower
permeability than the formation. Under some circum-
stances, depending on the drilling method and the formation,
substantial spalling and fracturing of the borehole wall may
act to increase the permeability in the region adjacent to the
well. Geochemical precipitation or dissolution after drilling
may also reduce or enhance permeability. In any case, the
thickness of the skin region can range from a few millimeters
to several meters and thus must be considered, in the
analysis of pumping tests, as a separate zone of radial flow
contiguous with radial flow in the formation.

The effect of both well bore storage and the skin region on
the results of pumping tests has long been recognized in the
petroleum industry [varn Everdingen and Hurst, 1949; Hawk-
ins, 1956] and more recently by groundwater scientists
[Papadopolus and Cooper, 1967; Moench, 1985]. Most of
the research on this topic has been conducted by the
petroleum industry and there are solutions available which
account for well bore storage and infinitesimally thin skin in
the pumping well [Sandal et al., 1976; Chu et al., 1980] and
both the pumping well and observation wells [Tongpenyai
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and Raghaven, 1981; Obge, 1984; Ogbe and Brigham, 1984].
The mathematical treatment used in these models to account
for the skin region, however, is only an approximation and
the hydraulic head drop across the skin is presumed to occur
under steady flow conditions. Mathematically, this leads to
an inner boundary condition which provides continuity
between the head in the well (#,) and head in the formation

(h):
By = hly =, — Ahg )

where Ahg is the head drop across the skin. According to
(1), the skin region must be of zero thickness and storativity.
Because, in nature, the skin region is usually of finite
thickness, a new model is required in which the medium is
represented by two regions of radial flow each with individ-
ual transmissivity, storativity, and thickness. Composite
models of this type have been developed for pumping test
problems [Karasaki, 1986; Butler, 1988] but none are avail-
able in which well bore storage is considered.

The purpose of this paper is to present an analytical model
for a pumping test which accounts for a composite medium
of a skin region and formation region including well bore
storage at the pumping well. In addition, a comparison to the
case for infinitesimally thin skin (equation (1)) will be made
and the influence of well bore storage on disguising the
thickness and hydraulic properties of the skin will be inves-
tigated. Using the solution for the skin region, the influence
of outer boundary conditions on pumping test results will
also be studied.

MATHEMATICAL DEVELOPMENT OF THE
CoMPOSITE MODEL

The following mathematical development is similar to that
for other composite models of this type [Wang et al., 1978;
Moench and Hsieh, 1985; Karasaki, 1986; Butler, 1988] with
the exception of the well bore storage condition expressed in
equation (6). The basic assumptions that apply to most
pumping test models can also be applied here: (1) the fluid is
slightly compressible and of constant viscosity, (2) the
medium is homogeneous and isotropic, and (3) the pumping
well and observation well penetrate the entire thickness of
the formation. A governing equation is required for each
region of radial flow. The equations for the skin region and
the formation are given in dimensional format as

62s1 1 51 S] a8y (2)
—t-—=— ry<r=r
or2 rar Ty ot e g
6252 16S2 S2 a8y
Fto oS~ I 3
ar ror T, ot

respectively, where subscripts 1 and 2 denote the skin and
formation regions, s is drawdown, T and § are transmissivity
and storativity, respectively, r is radial distance, r,, is the
pumping well radius, r, is the radius of the skin region, and
t is time. The initial conditions for (2) and (3) are

s1(r, 0) = s5(r, 0) =0 r,<r<o 4
The outer boundary condition for (3) is

s3(%, ) =0 &)
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and the inner boundary condition which describes well bore
storage is given as

2arr, Ty 8sy/orl, -, = C ds,/dt — O 6)

where s,, is the drawdown in the well, Q is flow rate, and C
is a constant describing well bore storage capacity, equal to
arr? for open pumping wells (r.. is the radius of the standpipe
which may be smaller or larger than the radius of the well).
The initial condition for (6) is

5,(0) =0 ¢))
Continuity between the well and the skin region is given by
sw(rw’ t) = sl(rw, t) (8)

and continuity between the skin region and the formation is
given by

sl(rs, t) = Sz("s, t) (9)
asl(r.w t) 6s2(rs, t)
T| = T2 (10)
ar ar

A solution to (2) and (3) with respect to (4)—(10) can be
found in a straightforward manner using the Laplace trans-
form method. Details of the solution method are given in the
appendix. The solution is obtained using dimensionless
groupings similar to those given by Moench and Hsieh
[1985]):

tp=TatISrl  Cp=CRarks, (11a)
rp=rir, rps = rry, (11b)
27TT2 S 27TT2S2 27TT2SW
®p; = Pp, = Dyp = (11¢0)
o Qo
a = Tz/T] Y= S]/Sz (lld)

where ¢, is dimensionless time, Cp is the dimensionless well
bore storage coefficient, and ®, is dimensionless drawdown.

The solutions in the Laplace domain for ®p,, ®p,, and
®yp are given as

. a [2Ko((pay) 2rp) — yilo((pay) Prp)]

Dp=— 12
P (W22 — ¥1&1) 12

P Ko \/P rp) .
D2 Dy ps (Waky — Uni€1)

i} a [¢:Ko((pay)'?) — ¢ lp((pey)')]

Gup=— 14
" p (W2é2 — ¢1€1) 149

respectively, where the overbar denotes the Laplace trans-
formed parameter, p is the Laplace variable, and

£, = aCppl((pay)'® — (pay) "I i((pay)'?
(15)

£, = aCppKo((pay)'™® + (pay) K \(pay)'?)
¥ = aKo((pay) rps) Ks(\/P 70s)
— () "*Ko(\/P rps)Ki((pay) Prps)
(16)
¥ = alo((pay) rp) Ki(\/P rps)

+ (@) 1i((pay) Prp) Ke(\/P rps)

where K, K, I, and I, are modified Bessel functions.
Analytical inversion of (12)—(14) is probably possible using
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Fig. 1.

Comparison of the pumping test model accounting for well bore storage and infinitesimally thin skin to the

model developed herein. Comparison is made for the case where rpg equals 1.1 and a equals 100 (S of 9.5) for C, from
102 to 10° (Cp of 10°% is the rightmost curve) and rp equals 100.

contour integration (see Karasaki et al. [1985] for an exam-
ple); however, this will lead to an infinite integral containing
several Bessel functions that will be very computationally
inefficient to numerically evaluate. Therefore for the follow-
ing discussion, the solutions are numerically inverted using
the Talbot [1979] algorithm. The accuracy of the Talbot
algorithm has been established using other, similar well test
problems [Novakowski, 1989] and was found to be accurate
within at least three significant figures in comparison to
analytical inversions.

VERIFICATION OF THE SOLUTION
Verification of the solutions (12)<(14) is performed by
comparison to existing solutions for similar well testing
problems with slightly different boundary conditions. The
solution in Laplace space for dimensionless drawdown in a
uniform medium including well bore storage effects is given
as [Papadopolus and Cooper, 1967]

. Kod\/P o)
2 plCorko\/P) + \/PKi(\/P)]

Equation (17) can also be found from (13) by setting « and y
equal to one for a uniform medium. In addition, by negating
well bore storage, the solution accounting for a composite
medium with no well bore storage can be found. Again, using
(13), this is given as

1))

an

@ Ko(\/l; rp)
P*ros [(pay) K i(pay) Dy, + (pay) ’Li(pay) ]
(18)
Equation (18) is algebraically similar to the solution obtained

for this problem by Karasaki [1986] and when numerically
inverted for several test cases, (18) overlies Karasaki’s

solution. Comparison to the solution accounting for well
bore storage and infinitesimally thin skin is also possible
using approximations for the modified Bessel functions as
the arguments approach zero (i.e., @ — 0). This approach
was employed by Moench and Hsieh [1985] and they dis-
covered that using a skin factor Sy equal to

SK =aln (rDs) (19)

infinitesimally thin skin can be made equivalent to the
composite case. Therefore using (19), (13) can be reduced to

. Kod\/P rb)
P NP Ki(\/P)+ CoplKo\/P)+Si\/PKs(\/P)]}

(20)

which is the solution as obtained by Sandal et al. [1978]
accounting for well bore storage and infinitesimally thin skin.
A comparison was made between (13) and (20) at an « of 100,
an rp of 100, and a small rpg of 1.1, where Sk in (20) was
calculated using (19). Type curves ranging over five orders of
magnitude of Cp were numerically generated for the com-
parison (Figure 1). No identifiable difference is discernable
in the plotted curves. As suggested by Moench and Hsieh
[1985], this comparison may not hold as rpg increases. This
will be investigated in the following section.

DiscussioN

In the following discussion, vy is fixed at one for all
example type curves. This is justified based on the assump-
tion that the development of the skin region is solely a result
of a difference in permeability to that of the formation and
that no contrasts in formation compressibility or fracture
stiffness occur concomitantly.

Due to the large number of variables, use of the solutions
(12)«(14) to uniquely interpret field data obtained from
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Fig. 2. Comparison of the inﬁnitesimall}! thin skin solution to the finite thickness skin solution at an rp of 100, a of

100, Cp of 10

pumping tests may prove difficult and thus a field example is
not given herein. However, the influence of some of the
parameters on expected field results, particularly Cp, rps,
and «, can be investigated by generating example type
curves for various values and drawing comparison on the
basis of the shape of the type curves and position in
dimensionless time. Example type curves are employed
rather than sensitivity coefficients, so that the effects of the
individual combinations of parameters are visualized in a
manner similar to that in which field data is presented.

Comparison to Infinitesimally Thin Skin

As we have already seen, there may be some conditions in
which the solution accounting for infinitesimally thin skin
and well bore storage may adequately substitute for the
solution developed herein. To investigate the influence of the

to 10°, and an rps of (top) 10 and (bottom) 50.

skin thickness, type curves were generated with a equal to
100 at an rp of 100 for four successively larger rpg starting at
1.1 ranging to 50. This configuration corresponds to a field
condition in which an observation well is located about 10 m
away from a 0.1-m-radius pumping well. A skin region which
has a permeability two orders of magnitude less than the
formation is present at the pumping well and ranges in
thickness from 0.11 to 5.0 m. Figure 2 shows the case for rpg
equal to 10 and 50 against the equivalent curves generated
using (19) and (20). As is evident, the effects of increasing
skin thickness act to delay the early time drawdown at the
observation well for smaller values of Cp. This is most
skin solution very poorly approximates these conditions
here. At larger values of Cp (greater than 104), however, the
thin skin approximates the composite model accurately.
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Fig. 3. Type curves for a of 10° and 1072 at rp e%ual to 100, rpg
equal to 50, and Cp of 0, 10*, and 10°.

Therefore to identify finite skin regions of low permeability
in pumping test data, the tests should be conducted with
expected well bore storage coefficients of less than 10°.
Otherwise, well bore storage will entirely mask the skin
effect.

Effect of Higher Permeability in the Skin Region

Higher permeability in the skin region relative to that in
the formation, also known as negative skin [Jargon, 1976;
Sandal et al., 1978], is difficult to simulate using an infini-
tesimally thin skin [Sandal et al., 1978]. This is especially
true when using Laplace transform techniques with Cp, > 0.
Agarwal et al. [1970] suggested an approximation for this
case in which the skin factor is set to zero in the solution and
the well radius is then adjusted according to the actual
negative skin factor desired, using r;, = r,, exp (—Sk). This
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approximation appears to work well for simulating draw-
down in the pumped well [Agarwal et al., 1970; Ramey and
Agarwal, 1972] but has never been successfully used for
drawdown at the observation well. Therefore the composite
model presented here provides the only valid means of
simulating negative skin without employing a numerical
method.

Figure 3 shows three sets of type curves for an « of 103
and 1 for each set, at a Cp, of 108, 104, and 0, an r, of 100,
and an rpg of 50. In this case, the influence of well bore
storage is to enhance the effect of negative skin. For exam-
ple, at C, equal to zero the difference between a equal to 1
and a equal to 103 is marginally apparent only at early time.
During pumping tests, good quality, early time data is rarely
obtained unless electronic recording devices are used, and
therefore a negative skin might never be detected. Con-
versely, at larger Cp, the negative skin acts to advance the
rate of drawdown at a different slope than the case for a
equal to 1 and the difference between the two curves can be
clearly identified until the asymptote is reached. This is
different than the case for positive skin at large Cp, in which
the curves are simply shifted to the left toward the time
origin without change in slope. Therefore if a negative skin is
suspected to be present, pumping tests should be conducted
in the field setting with well bore storage greater than zero.

Figure 4 shows a range of type curves for a from 107 to
10* at a Cp of 10*, rp, of 100, and rpg of 50. The effect of the
contrast in permeability between the skin region and the
formation appears to be considerably less for negative skin
than for positive skin in this case. The type curve for a equal
to 104 is shifted to the left by several orders of magnitude in
tp/r3, while for a equal to 10™* the curve is shifted to the
right by only one order of magnitude. This is exemplified as
Cp is diminished toward zero. The slope of the early time
part of the curve for positive skin remains about the same,
irrespective of the magnitude of «. In addition, as shown in
Figure 5, for Cp, equal to 107 and 0, the position of the type
curve is relatively insensitive to the skin thickness for
negative skin. Consequently, determining the properties of

102

10—2 a

-3

1
1072 10" 10° 10’

102 10° 104 108

to/ 1

Fig. 4. Type curves for the case when rp equals 100, rpg equals 50, Cp, equals 104, and a ranges from 107* to 104,
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Fig. 5. Two families of type curves at Cp, of 0 and 10° for rp
equal to 100, « equal to 10™~, and rpgs of 1.1, 5.0, 10.0, and 50.0,
where rpg of 50 is the leftmost curve in each family.

finite thickness skin is much more difficult for negative skin
than for positive skin.

Effect of Radial Distance

The type curves generated for Figures 1 through 5 are for
an rp of 100. In many field settings rp will likely exceed 100
ranging up to 1000 or greater. As is apparent in Figures 1-5,
all type curves trend asymptotically toward the Theis line
source solution at large tD/rLz). Intuitively, therefore the
behavior of the composite model observed at early time
should be diminished at larger rp,. For example, the effect of
a positive finite thickness skin (e = 1000) with a thickness of
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rps equal to 50 diminishes with rp increasing from 100 to
2000, as shown in Figure 6. At the largest rp, the type curve
for Cp equals 0, differs only slightly from the line source
solution for a uniform medium and only at small 7,/rj.
However, the steep slope characteristic of finite thickness
skin at low Cp is still clearly identifiable at rp of 500.
Positive skin effects should be easily identified at smaller Cj,
for rp anywhere between 100 and less than 1000. Again,
although well bore storage effects are also diminished by
increasing radial distance, the presence of C,, > 0 acts to
mask the influence of finite thickness skin. Negative skin is
similarly influenced by increasing radial distance.

Influence of Outer Boundaries

Pumping tests conducted in low-storativity formations
such as fractured rock are often observed to be influenced by
far-field or outer boundary conditions [Raven, 1986]. Such
conditions can manifest in the field setting as linear features
such as faults and facies changes or as radial boundaries due
to permeability reduction (finite fracture extent) or enhance-
ment as a result of stress heterogeniety. The effect of linear
features on pumping test results can not be investigated
using the composite model developed here; however, radial
boundaries can be investigated by expanding the skin region
to the radial boundary and solving for drawdown in the skin
region using (12).

Figure 7 shows dimensionless drawdown at « equal to 10,
1, and 0.2 for rpg of 200 and 10° at r;, of 100 and 5000,
respectively, and Cj equal to 10>. Comparing the type
curves for rp of 100 and rp of 5000, there is remarkably little
difference in both the shape of the curves and position in
tp/r}. Therefore even subtle changes in far-field permeabil-
ity can be detected at large radial distance. In addition,
permeability enhanced boundaries (a > 1) strongly influence
early to midtime data with the early time drawdown being
characteristic of the steep slopes observed with positive

102

'

107

tp/ 12

10%

104

103

Fig. 6. Type curves for rpg of 50, a of 103, and Cp of 0 and 10* for rp of 100, 500, and 2000, as compared to the line
source solution.
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Fig. 7. Three pairs of type curves for a of 0.2, 1.0, and 5.0 with Cp equal to 103.

finite thickness skin (i.e., Figure 2). Permeability enhanced
boundaries, however, can be distinguished from finite thick-
ness skin at later time where drawdown follows the line
source asymptote for the skin case and does not for the
radial boundary case.

The influence of outer boundaries is illustrated in Figure 8
for a variety of « ranging from 0.001 to 1000 at an rpg of 200
and an rp of 100. Clearly, at a of 1000 the type curve is
substantially different than the line source solution and such
a field condition would be easily identifiable. However, at

larger rp, the actual onset of drawdown is dramatically
delayed in #/r} such that observation may be abandoned
during a field pumping test before initial drawdown is ob-
served.

A more typical field condition is the case for a radial
boundary of reduced permeability (@ < 1) which could
result, for example, from a hydraulically propogated fracture
of large extent. In this case, early time drawdown is ad-
vanced in 7p/r} and the slope of the early time data is
diminished such that the change in drawdown is spread over

10°

1073

1072 107 10° 10"

105

10°

102

to/re

Fig. 8. Type curves for a range of a from 1073

to 10% at Cp, of 103, rp, of 100, and rpg of 200.
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Fig. 9. Two families of type curves for « of 0.1 and 10. Each family is generated for the case where rp equals 100,
rps equals 200, and Cp ranges from 102 to 10S.

several orders of magnitude of ,,/r} before the asymptote is
reached. The magnitude of o has considerably less influence
on the nature of the early time data relative to the perme-
ability enhanced case and for small rj, the actual early time
shape may not be observed during field pumping tests. At
larger rp, the early time slope would be characteristic of a
permeability reduced boundary (the shape of these curves at
early time are unique). Late time data, although also char-
acteristic and relatively independent of rp, is asymptotic for
most « (Figure 8). This means that without early time data,
the nature of the reduced permeability boundary can not be
characterized other than to identify that it exists.

The influence of well bore storage on detecting boundaries
of reduced or enhanced permeability is shown in Figure 9 for
Cp ranging from 102 to 10%, o of 10 and 0.1 at rp,g of 200, and
rp of 100. Again, the shape of the curves for a > 1 are similar
to those for finite thickness skin (Figure 2) except that the
late time asymptote has less slope than the line source
solution. For a < 1, well bore storage acts to delay the
interception of the individual curves with the asymptote;
i.e., the early time slope is extended in ¢p/r3. Therefore well
bore storage effects do not mask the presence of boundaries
of reduced permeability, however, due to the slope of the
type curves, long-term data from pumping tests will be
required for a suitable curve-matching procedure.

CONCLUSIONS

A composite analytical model was derived which accounts
for well bore storage and a region of finite thickness skin
present at a pumping well. Solutions in the Laplace domain
were given for dimensionless drawdown in the borehole,
skin region, and formation. On the basis of example type
curves for which the contrast between permeability in the
skin region versus that for the formation, the thickness of the
skin region and the radial distance to the observation well
were systematically varied, several observations can be
made.

1. The approximation for infinitesimally thin skin can be
used to analyze pumping test results where the skin thick-
ness is very small relative to the radial distance to the
observation well, i.e., rpg/rp < 0.05 approximately.

2. Where the positive skin region (permeability of the skin
region less than the formation) is larger, the testing appara-
tus must be designed such that well bore storage effects are
diminished. Accurate early time data will be needed to
detect and characterize the contrast in permeability and skin
region thickness.

3. Negative skin effects (permeability of the skin region
greater than the permeability of the formation) are most
easily identified at early to midtime using an apparatus
having a large well bore storage.

4, Positive skin is more readily characterized than nega-
tive skin, although the presence of negative skin is more
easily identifiable.

5. The influence of finite thickness skin can be identified in
a fairly broad range of radial distance from the pumping well,
i.e., rp of 100-1000. Uniqueness is possible using the param-
eters « and rpg.

6. The influence of the contrast in skin region versus
formation permeability is much more pronounced for posi-
tive skin than for negative skin. The effect of the contrast for
positive skin is to substantially delay initial drawdown at the
observation well.

7. Early time drawdown is required to detect permeability
reduced boundaries at large radial distances. At late time,
the distance to a boundary or a zone of contrasting perme-
ability cannot be distinguished.

8. Radial distance has little influence on diminishing the
effect of far-field boundary conditions. Even subtle contrasts
in permeability can be observed.

9. Well bore storage hides the early time influenceof -
permeability reduced boundaries but not at late time. How-
ever, well bore storage effects also make it difficult to
identify permeability enhanced boundaries at late time.
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APPENDIX: SOLUTION METHOD

The solution of (2) and (3) is found using the Laplace
transform method.The governing equation and associated
boundary conditions are first made dimensionless using the
groupings given in (11). The governing equations in dimen-
sionless format are

8%bp; 1 adpy Py,
—+— =ay (Al)
arp rp orp dtp
3%d 1 89 b
D2 +— D2 _ D2 (A2)

arf, rp orp dtp

the inner and outer boundary conditions are given by

P dd
D1 - aCy wo_ A3
arp =1 dtD
®p1(rps, tp) = Ppa(rps, tp) (A4)
3®pi(rps, tp) 8@ po(rps, tp)
pilrps 1) 3®polrs, tp AS)
arD arD
®p1(1, tp) = Pwp(l, tp) (A6)
Do, tp) =0 (A7)

and the initial conditions for (A1), (A2), and (A3) are
described by

®p(rp, 0) = Ppy(rp, 0) =0 (A8)

Dyp(0)=0 (A9)

Application of the Laplace transform to (A1) and (A2)
leads to the following subsidiary equations:

d*®p; 1 dbp,
+ —

2
er

= ayp®Pp (A10)

rp er
d&’&p, 1 dbp,

2
drp

=pPpm

All
'p er ( )

where the overbar denotes the Laplace transformed parameter,
and p is the Laplace variable. Application of the Laplace
transform to the boundary conditions (A3)-(A7) gives

d®p,/drpl, -1 = aCppPwp — alp (Al12)
®pi(rpss p) = Ppalrps, p) (A13)
dq’m(i:zs, p) _ . d‘l’oztj:zs, p) AL4)
@pi(1, p) = Bwp(1, p) (A15)
®py(, p) =0 (A16)

The general solution of the ODE (A 10) and (A11) are given
by

®p, = ALy((pay)Prp) + BKo(pay) rp)

Oy = CIO(\/;"D) + DKo(\/I—’ rp)

and using (A16) to bound the solution, (A18) reduces to

(A17)
(A18)

&py = DKo(\/P o) (A19)
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To find the constants A, B, and D, the boundary condi-
tions (A12), (A13), and (A14) are employed:

A(pay) i (pey)'™® - B(pay) 2K ((pay)'?)
= aCppPwp — alp (A20)
Al(pay)rps) + BKo((pay) Prps) = DKo('\/; rps)
(A21)
A(pay)*Ii((pay) Prps) — B(pay) 2K ((pay) rps)

4 Kl(\/; rps)

and (A15) is used to remove ‘i’wp from (A20) to obtain
~ AlaCpply(pay)™® — (pay) Ii(pay) )]

— BlaCppKo((pay)'® + (pay) K \(pay)'®] = —alp
(A23)
Equations (A23), (A21), and (A22) can be solved using
Cramer’s rule to determine the constants A, B, and D, which
are then substituted into (A17) and (A19) to obtain the

solutions for &, and ®p,. The solution for ®p, is reduced
to the form given by (13) using the identity [Karasaki, 1986]

= —-Da (A22)

Io((pay)Prps) Ki((pay) rps)

+ Ii((pay) rps) Ko((pay) Prps) = (A24)

(pay)rps
The solution for drawdown in the pumping well, ®y, is
obtained using (A15).

NOTATION

C well bore storage capacity, L2.
Cp dimensionless well bore storage coefficient,
CRurlS,.
p Laplace variable.
Q volumetric pumping rate, L3/T.
r radial distance, L.
r. radius of the standpipe, L.
rp dimensionless radial distance, r/r,,.
dimensionless radius of the skin, ry/r,,.
. radius of the skin, L.
r,, radius of the pumping well, L.
w effective pumping well radius, L.
s drawdown, L.
w drawdown in the pumping well, L.
S storativity, dimensionless.
Sk skin factor, dimensionless.
t time, T.
tp dimensionless time, T,t/S,r3.
T transmissivity, L%/T.
a ratio of the permeability of the formation over the
skin permeability, 7,/T;.
v ratio of the storativity of the skin over the formation
storativity, $,/S,.

Subscripts 1 and 2 denote skin region and formation, respec-
tively; Iy, I;, Ky, and K; are modified Bessel functions.
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