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Abstract: This study analyzes the unsteady groundwater flow to a real well (with wellbore storage
and the skin effect) that fully penetrates the confined aquifer. The well is located within an infinite
system, so the effect of boundaries is not considered. The Laplace-domain solution for a partial
differential equation is used to describe the unsteady radial flow to a well. The real space solution is
obtained by means of the numerical inversion of the Laplace transform using the Stehfest algorithm
368. When wellbore storage and the skin effect dominate pumping test data and testing is conducted
for long enough, two semilogarithmic straight lines are normally obtained. The first straight line
can be identified readily as the line of the maximum slope. The correlation of the dimensionless
drawdown for the intersection time of this first straight line, with the log time axis as a function of the
dimensionless wellbore storage and the skin factor, is shown. This paper presents a new method
for evaluating the skin factor from the early portion of a pumping test. This method can be used to
evaluate the skin factor when the well-known Cooper–Jacob semilogarithmic method cannot be used
due to the second straight line not being achieved in the semilogarithmic graph drawdown vs. the
log time. A field example is presented to evaluate the well rehabilitation in Veselí nad Lužnicí by
means of the new correlation.

Keywords: groundwater; unsteady flow; pumping test; Laplace transform; well rehabilitation;
wellbore storage; skin effect

1. Introduction

For groundwater, a pumping test is a field test in which a well is pumped at a constant rate,
and “drawdown” (the difference between the height of water at time = 0 and the height of water in
actual time) is measured and analyzed. In petroleum engineering, the “drawdown” test is a test with a
constant rate, q, that measures the pressure response. Pumping tests are widely used for the evaluation
of aquifer hydraulic parameters, including transmissivity, T, and the storage coefficient of the aquifer, S.
These tests have wide applications in the field of petroleum engineering and groundwater hydraulics
based on the Theis analytical solution [1] for drawdown at the well caused by pumping at a constant
rate from a full well in a homogeneous, uniform, and confined aquifer with a negligible well radius,
as well as when the flow to the well is not influenced by the outer boundaries and additional resistances
in a well and in its surroundings. The most commonly used method in well testing derived from
the Theis solution is based on a semilogarithmic presentation of the drawdown at the well vs. the
logarithm of pumping time. This method was introduced by Cooper and Jacob for drawdown tests [2].
The Cooper–Jacob semilogarithmic method is a more restricted version of the Theis well function and
describes the drawdown at an “ideal well”, which means a well with a negligible well radius and
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without additional types of resistance in the well and its surroundings. There has been a continuous
development of analytical models and well-testing procedures for petroleum and groundwater areas.
This testing is reflected in the many books published on petroleum engineering and groundwater
hydraulics [3–9].

In reality, the radius of a pumping well and the additional resistance in a well and its surroundings
are non-zero; thus, these assumptions may lead to some errors in the data analyses [10,11]. Under
the assumption of a finite radius for the pumping well (rw , 0), the “wellbore storage effect” (the
volume of water inside a wellbore), and its influence on pumping test evaluations, was published by
Papadopulos-Cooper [12,13], who presented a close form solution for the drawdown in a large-diameter
well, while also accounting for the effect of wellbore storage.

Other authors have studied this phenomenon and its influence on well drawdown in petroleum
and groundwater areas during early periods of pumping [14–19]. Testing the wellbore storage during
the early period of pumping has an influence on well drawdown [20]; neglecting its effects could
result in overestimating the storage coefficient from, for example, the type curve method. Additional
resistance in the pumping well and in the damaged zone near the well induces extra a head loss known
as the skin effect. There are many factors that cause the skin effect, including physical, chemical,
and biological processes acting on the well and its immediate surroundings. These processes include
the invasion of mud during the drilling process, incomplete perforations, fine material migration near
the well, and others. The skin effect is presented by a dimensionless skin factor, denoted here as SF. This
factor is used to characterize all additional resistance in the pumping well and in the surrounding well:
the larger the skin factor, the greater the drawdown loss. The permeability damage to aquifers caused
by drilling operations with drilling mud ranges from a few millimeters to several centimeters and
during ageing (exploitation) of the well, the permeability damage is caused by physical, chemical, and
biological processes; moreover, the skin zone can reach several meters [11]. The additional resistance
(the skin effect) and finite volume of a wellbore (wellbore storage) are the two main factors that
influence the pumping test data measured at a well. The drawdown caused by additional resistance
(the skin effect) was introduced, for the first time in petroleum engineering, by van Everdingen and
Hurst [21–23]. Since then, many authors in the fields of petroleum and groundwater hydraulics have
published articles focused on the problem of the influence of the skin effect and wellbore storage on
the measured values of the real drawdown or pressure drops in a well [24–31]. In 1970, Agarwal [32]
presented a fundamental study of the importance of wellbore storage and skin on the short-time
transient flow and introduced the idea of log–log type curve matching to analyze pressure data for a
well dominated by the skin effect and wellbore storage. Subsequently, many other type curve methods
have been presented. A type curve method is a graphical representation of the theoretical solution to
flow equations. A type curve analysis consists of finding the theoretical type curve that “matches”
the actual response from a test well and reservoir when subjected to changes in production rates or
pressures. These tests are usually presented in terms of dimensionless pressure, dimensionless time,
dimensionless radius, and dimensionless wellbore storage rather than real variables. The reservoir
parameters (such as permeability) and well parameters (for example, skin) can be evaluated from the
dimensionless parameters defining that type of curve [33–43]. Among the many type curve methods,
two are mentioned further: Gringarten type curves [36] and the pressure derivative method [3]. There
are three dimensionless groups that Gringarten uses when developing a type curve: dimensionless
pressure, the ratio of dimensionless time and dimensionless wellbore storage, and the dimensionless
characterization group, CD e2S

F. All type curve solutions are obtained for the drawdown solutions.
The Gringarten type curve can also be used for a gas system, but the dimensionless pressure drop and
time must be redefined. Bourdet defined the pressure derivative as the derivative of dimensionless
pressure with respect to dimensionless time. From a mathematical point of view, the derivative of
pressure with respect to time is even more fundamental than pressure itself, as the pressure’s partial
derivative appears directly in the diffusivity equation describing the transient fluid flow in an aquifer
system. Bourdet and his co-authors proposed that flow regimes can have clear characteristic shapes
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if the “pressure derivative”, rather than pressure, is plotted against time in the log-log coordinates.
Since the introduction of the pressure derivative type curve, well-testing analysis has been greatly
enhanced. The use of pressure derivative type curves offers the following advantages: flow regimes
have clear characteristic shapes on the derivative plot, and the derivative plots are able to be displayed
in a single graph with many separate characteristics that would otherwise require different plots.
This derivative approach improves the definition of the analysis plots and, therefore, the quality of
the interpretation and quantitative estimation of aquifer properties becomes more reliable. By using
this method, interpretation is not only simple but also more accurate [10]. Interesting methods for
evaluating the transmissivity, wellbore storage, and skin factor from the early-time portion of pumping
test data was published in [31]. If the skin effect and wellbore storage dominate the drawdown
data, and if testing has been conducted long enough, two semilogarithmic straight lines are normally
obtained. For an infinite aquifer (where the boundary effect does not interfere with the pumping test
data), the second straight line is the appropriate Cooper–Jacob straight line. The first straight line is
the line of the maximum slope and is typical for early time points. The slope of this straight line is
affected by wellbore storage and skin effect. The new method for evaluating the skin factor in a single
well fully penetrating the confined aquifer from the early portion of a pumping test is derived under
the following assumptions: non zero additional resistance at the pumping well, a finite well radius
(wellbore storage effect), and the well being situated in an infinite aquifer (where no observation well
is available). The solution of the general partial differential equation of a symmetrical radial water
flow to a well in Laplace space was used [15]. The Laplace transform was numerically inverted by the
Stehfest algorithm 368 [44], which is very often used in groundwater flow problems [32,43,45–50]. Here,
we present a correlation of the dimensionless drawdown in dimensionless time for the intersection the
first straight-line with the horizontal axis (log time) in a semilogarithmic graph as a function of the
dimensionless wellbore storage constant and skin factor. Using this correlation, a new procedure for
evaluating the skin factor is presented. This new method to evaluate the skin factor from the early
portion of a pumping test is not intended to replace any of the approaches presented in the literature
but rather to supplement them.

2. Materials and Methods

In deriving a new method for evaluating the coefficient of additional resistance (skin factor, SF)
from the early part of a pumping test, dimensionless parameters were used, as is commonly done in
petroleum engineering [4,5,32,50]. Dimensionless parameters simplify the solution of hydrodynamic
tests on wells by including parameters such as hydraulic conductivity, transmissivity, aquifer storage
coefficient, time, well radius, etc. into the dimensionless parameters. By introducing dimensionless
parameters, we reduce the number of unknowns, ensuring that the solution is independent of the unit
systems being used. To solve the groundwater flow to the well, these dimensionless parameters were
defined as follows [4,48,49]:

• Dimensionless drawdown at any distance from the well being pumped:

sD(rD, tD) =
2 π T

Q
(H − h(r, t)) (1)

where Q is the pumping rate [L3T−1]; T is the transmissivity [L2T−1]; H is the hydraulic head within
the radius of well influence [L] and h(r, t) is the hydraulic head at time t and at a distance r from the
well axis [L]; and rD is dimensionless radius and tD is dimensionless time.

• Dimensionless drawdown in the pumped well:

swD(rD = 1, tD) =
2 π T

Q
( H − hw(t)) (2)
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where hW is the hydraulic head in the well at time t [L], and H is the initial hydraulic head in time
equal zero [L].

• Dimensionless time:
tD =

T t
r2

w S
(3)

where rw is the well radius [L]; S is the storage coefficient (aquifer storativity) [–]; and t is time [T].

• Dimensionless intersection time:
t∗D =

T t∗

r2
w S

(4)

where t* is time where the “first semilogarithmic straight line” intersects the horizontal axis log tD

• Dimensionless radius:
rD =

r
rw

(5)

where r is the radial distance from the well pumped axis [L], and rw is the well radius [L].

• Dimensionless coefficient of wellbore storage:

CD =
C

2 π r2
w S

(6)

where C is the “unit factor” of the wellbore storage [L2] defined in [20].

• Dimensional drawdown for the intersection time t* of the “first straight line” with the horizontal
axis, log tD:

s∗D =
2 π T

Q
s∗ (7)

where s* is the drawdown at the point of intersection between the “first straight line” segment with the
time axis [L]

One of the criteria divides wells into two groups. The first are ideal wells, and the second are real
wells. An ideal well is a well whose radius is infinitely small (rw→ 0) and whose additional resistance
in the well and its immediate vicinity is zero. In this article, we will not focus on ideal wells and the
evaluation of hydrodynamic tests on these wells. The basic literature dealing with the evaluation of
hydrodynamic tests on ideal wells includes [3–6,8,9,50].

2.1. Real Wells

• Wellbore Storage

The first assumption that distinguishes real wells from ideal wells is the effect of the well’s own
volume (wellbore storage) on the pumping (build-up) tests—i.e., the well radius is not negligible
and must be considered in an evaluation. At the beginning of the hydrodynamic tests on the well
(pumping and build-up), when the water is pumped from the wellbore’s own volume or the well is
filled after stop pumping, this phenomenon affects the shape of the drawdown curve as a function of
time until the pumping rate (or inflow into well) Qws from the well volume is equal to zero. In more
detail, Papadopulos and Cooper [12] (for groundwater) and Ramey (for petroleum engineering) [20]
described and discussed the impact of the well volume on the pumping test during the first part of a
pumping (build-up) test. The effect of the well radius (wellbore storage) on dimensionless drawdown
gradually diminishes (Figure 1) as the time of pumping increases. Figure 1 shows the relationship
between the pumped amount from the well volume, Qws, and the inflow rate from the aquifer, Qaq,

as a function of time.
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Figure 1. Pumping rate from wellbore storage, Qws, and groundwater inflow rate from aquifer, Qaq, as 

a function of time. 

Ramey [15,16] states that, for the start of a pumping test (from several seconds to approximately 

several minutes, depending on the well diameter and pumping rate), a straight line with the “unit 

slope” can be found in the pumping test graph (log s vs. log t) (Figure 2) (i.e., the deviation of the 

straight line from the horizontal axis is 45°). The “straight line” with the “unit slope” lasts until all 

the water is pumped from the well’s volume. According to [16], we can determine the unit factor of 

the wellbore storage, C, from the following equation: 

𝐶 = 𝑄 
𝑡𝐵

𝑠𝐵
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where tB is time for the arbitrarily selected point B on the “unit” slope line (Figure 2) [T], and sB is the 

drawdown at time tB [L]. 

 

Figure 2. Graph log s vs. log t at the beginning of the pumping test when the water is pumped only 

from the wellbore’s own volume. 

Using Equation (6), the dimensionless coefficient of wellbore storage, which is one of the basic 

characteristics of the initial pumping test section, is determined. This parameter affects the shape of 

the drawdown curve during the pumping test during the time before reaching Cooper–Jacob’s 

semilogarithmic straight line, when the effect of water in the well volume disappears completely. The 

dimensionless storage coefficient can be expressed from Equation (6) in the following form: 

Figure 1. Pumping rate from wellbore storage, Qws, and groundwater inflow rate from aquifer, Qaq,

as a function of time.

Ramey [15,16] states that, for the start of a pumping test (from several seconds to approximately
several minutes, depending on the well diameter and pumping rate), a straight line with the “unit
slope” can be found in the pumping test graph (log s vs. log t) (Figure 2) (i.e., the deviation of the
straight line from the horizontal axis is 45◦). The “straight line” with the “unit slope” lasts until all the
water is pumped from the well’s volume. According to [16], we can determine the unit factor of the
wellbore storage, C, from the following equation:

C = Q
tB

sB
(8)

where tB is time for the arbitrarily selected point B on the “unit” slope line (Figure 2) [T], and sB is the
drawdown at time tB [L].
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Figure 2. Graph log s vs. log t at the beginning of the pumping test when the water is pumped only
from the wellbore’s own volume.

Using Equation (6), the dimensionless coefficient of wellbore storage, which is one of the basic
characteristics of the initial pumping test section, is determined. This parameter affects the shape
of the drawdown curve during the pumping test during the time before reaching Cooper–Jacob’s
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semilogarithmic straight line, when the effect of water in the well volume disappears completely.
The dimensionless storage coefficient can be expressed from Equation (6) in the following form:

CD =
Q tB

sB

2 π r2
w S

(9)

• Additional Resistance (Skin Effect)

The drawdown of the water level in a “real” well depends on the resistance of the aquifer and the
so called “additional losses” or resistance generated in the well, on its walls, and in the vicinity of the
well. The term “additional resistance” refers to the sum of the phenomena that result in deviations
of the measured values of water drawdown in a “real” well compared to the theoretical drawdown
obtained under the assumption of an “ideal” model of water flow to a complete well (this is the case for
additional resistance, and the actual borehole volume will not be reflected in the course of the inflow
test (i.e., the reduction in this volume is not affected). The drawdown in the water level (or increase)
measured at the pumping well (or recharge well) is, then, greater than the calculated drawdown
(or increase) in the borehole, which would cause a hydraulic intervention through a hydraulically
perfect well without this additional resistance. Additional resistance in the well and its surroundings
increase in the following ways [51]:

(a) By the clogging of pores (s1) with, e.g., a fine material, which reduces the flow rate of the porous
environment or disrupts the original internal structure of the porous environment in the vicinity of
the wellbore during digging and equipping (it decreases the porous environment’s permeability)
in rotary drilling, the result of which is so-called sludge bark; in the case of impact drilling, the
porous environment in the vicinity of the well is compacted, thereby reducing throughput [52–54].

(b) Through a reduction in the wellbore wall cross-section (s2) for the water inflow where the borehole
wall is formed by a filter, perforated casing, etc., by trapping rock particles or backfill in filter
openings, including chemical incrustation and the blockage of filter openings by microorganisms
and bacteria [55–57].

(c) Via the friction (s3) of water on the borehole walls and its internal friction (this group also includes
the additional resistance arising from the turbulent flow regime of the water inside the borehole
and the turbulent flow in the aquifer, especially in the vicinity of the pumping well.

(d) Where appropriate, other types of additional resistance occur.

The drawdown due to the effect of additional resistance is expressed (Figure 3) as:

sskin = s1 + s2 + s3 + . . . + sn; so we can write sskin =
n∑

i=1

si (10)

where sskin is the total additional drawdown in the well (“the skin drawdown”) caused by the additional
resistance in the well and its immediate vicinity (in the so-called skin zone). The separation of the
individual additional types of resistance involved in the skin effect is very problematic; therefore,
the total dimensionless additional resistance coefficient, SF (in the petroleum literature, referred to as
the skin factor), is commonly used to express the total additional resistance. The total drawdown of
the water level measured in the borehole during the pumping test can be expressed (when neglecting
the additional resistance resulting from the turbulent flow regime) by the relation:

sw = ste + sskin (11)

where sw is the total drawdown in the pumping well [L]; ste is the theoretical drawdown of the water
level in an “ideal” well (zero additional resistances) [L]; and sskin is the additional drawdown of water
in the wellbore due to additional resistance [L].
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Figure 3. Real well: various head losses in a pumped well.

Neglecting the portion of the drawdown that follows from the turbulent flow regime, s3 (its share
in the total additional drawdown is negligible), the magnitude of the additional drawdown caused by
additional resistance is dependent on the pumping rate, Q, with the linear relationship [21]

sskin =
Q

2π T
SF (12)

where SF is the dimensionless coefficient of additional resistance (skin factor) [–]; and sskin is the
drawdown caused by additional resistance [L].

The effect of additional resistance will be included in the total drawdown on the “real” well when
the flow is at a tight level.

(a) For the steady flow [21], we can write:

sw =
Q

2 π T

(
ln

R
rw

+ SF

)
(13)

where R is the radius of well influence [L]; rw is the wellbore radius [L]; and SF is the coefficient of
additional resistance (skin factor) [–].

(b) The unsteady flow regime (using the Cooper–Jacob semi-logarithmic method because this part no
longer shows the influence of wellbore storage) can be expressed as:

sw =
Q

4π T
(ln 2.246tD + 2SF). (14)

After converting the natural logarithm to a normal logarithm, we obtain the following equation:

sw =
2.303 Q

4π T
(log(2.246 tD) + 2SF). (15)
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If the Cooper–Jacob semilogarithmic straight line is reached in the semilogarithmic graph of
the pumping test, we can use Equation (15) to evaluate the coefficient of additional resistance.
After expressing SF and adjusting, we obtain:

SF =
2πTsw

Q
−

1
2
(log t + log

T
r2

wS
+ 0.8091). (16)

2.2. Deriving the New Correlation to Evaluate the Skin Factor from the First Straight Line

For a real well, we refer to a wellbore and account for the existence of additional resistance in the
well and in its immediate surroundings (as defined above) in comparison with an ideal wellbore. In the
initial portion of the hydrodynamic test, we also include the influence of the volume of wellbore in the
calculations. To derive the new correlation, the equation of radially symmetrical groundwater flow to
the wellbore under an unsteady state regime was used, transformed into dimensionless parameters
with the initial and boundary conditions defined according to the petroleum engineering standards of
Agarwal et al. [32]. The basic equation for the radial-symmetric flow of groundwater to the wellbore
has a similar shape (e.g., [7,26,32,58]):

∂2 sD

∂ r2
D

+
1
rD

∂ sD

∂ rD
=

∂ sD

∂ tD
(17)

The assumptions for solving Equation (17) are the same as those for the Theis solution for an ideal
well. In a flow in a confined aquifer to a complete well, the following parameters are true:

• The gravitational forces are negligible;
• A constant density and viscosity of water;
• The aquifer has an infinite areal extent;
• The pumping well penetrates the full thickness of the aquifer;
• The flow to the pumping well is horizontal;
• The flow is unsteady;
• The diameter of a pumping well is very small (negligible), allowing the storage in the well to

be neglected;
• The well is pumped with constant rate Q;
• The aquifer is horizontal and bounded on the bottom and top by impermeable layers (a confined aquifer);
• The aquifer flow to the pumped well is radial and laminar, so Darcy’s law is applied;
• The confined aquifer is homogeneous and isotropic;
• The height of an aquifer (where the flow to the well is constant and has a size b transmissivity, T,

and storability (aquifer storage), S) is constant over time and space;
• The water supply from the aquifer to the well changes during the pumping test from Qaq = 0 to

the final inflow, Qaq = Q = const.;
• Before pumping begins (i.e., for t = 0), the hydraulic head is constant in all points of the aquatic

environment and equals H; this also applies to the water level at a well.

Moreover, it is assumed (for a “real” well) that:

• The well possesses its final volume, and, at the beginning of pumping, the effect of the water
volume in the wellbore influences the drawdown and must be considered;

• The wellbore storage coefficient is constant and does not change during pumping;
• The influence of additional resistance occurring in the wellbore itself and in its immediate vicinity

is considered (the width of the perpendicular zone can reach up to about 2–7 m).



Water 2020, 12, 744 9 of 21

The initial and boundary conditions (in dimensionless parameters) for a real well have the
shape [32] of:

sD(rD, 0) = 0 (18)

sD(rD, tD) = 0 f or rD → ∞, (19)

for additional resistance,

swD = sD +

(
rD
∂ sD

∂ rD

)
rw

SF, (20)

and for wellbore storage,

CD
dsD

d tD
−

(
rD
∂ sD

∂ rD

)
= 1. (21)

To solve basic Equation (17) with the initial and boundary conditions (Equations (18)–(21)),
a one-sided Laplace transform was used to convert the partial differential equation in the dimensionless
parameters (17) to a normal differential equation. We used a transformation function that provides a
shape for the solved case in the following form [32]:

F(p) = L( f (tD)) =

∞∫
0

f (tD)e−p tD dtD. (22)

This is an integral transformation with kernel exp(−ptD), where p is a complex variable; and F(p) is
the image of the given object, f (tD). In Laplace space, the solution of Equation (17) has the following form:

sD =
K0

(
p

1
2
)
+ SF p

1
2 K1

(
p

1
2
)

p
[
p

1
2 K1

(
p

1
2
)
+ CD p

1
2
(
K0

(
p

1
2
)
+ SFp

1
2 K1

(
p

1
2
))] (23)

where (sD) is the solution of the dimensionless drawdown for rD and tD in Laplace space; p is a complex
variable; K0 is the modified Bessel function of the second kind with an order of zero (imaginary
argument); K1 is the modified Bessel function of the second kind with an order of one (imaginary
argument); CD is the dimensionless coefficient of wellbore storage; and SF is the dimensionless
coefficient of additional resistance (skin factor). When evaluating K0 and K1, dimensionless drawdown
values were taken from [59]. For the inverse Laplace transformation, the Stehfest algorithm 368 [44]
was used, which is very often used in petroleum engineering and groundwater hydraulics [7,60].
From [7] we can obtain:

f (tD) =

n
2∑

j=1

X j

(n
2

)
P( n

2 +1− j) (24)

where,

X j

(n
2

)
=

(−1)( j−1)(
n
2

)
!

( n
2
j

)
j(

n
2
+ 1− j)

( n
2−1)

(25)

Pn =
ln 2
tD

(2n)!
n!(n− 1)!

∑n

i=0

(
n
i

)
(−1)i F

(
(n + i)

ln 2
tD

)
. (26)

To evaluate sD from Equation (23) by means of Equations (24)–(26), value n is 10, as used in [7].
Stehfest’s algorithm 368 was used to calculate the dimensionless drawdown, which depends on the
skin factor and wellbore storage. Calculations were done for skin factor SF = 0, 2, 4, 6, 8, 10, 12.5, 15, 20,
30, 35, 40, 50, and for dimensionless wellbore storage, CD = 10, 50, 5 × 102, 1 × 103, 5 × 103, 1 × 104,
5 × 104, 1 × 105, 5 × 105, 1 × 106, 5 × 106, and 1 × 107. For clarity of the graphs, Figure 4 illustrates the
dependencies of sD on log tD for CD = 1 × 102, 1 × 104, 1 × 107, and SF = 0, 10, 20, 30, and 40.
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As shown in Figure 4 and also in Figure 5 (see also [31]), the graphs always present two straight
lines. The “first straight line” segment appears in the graph in its initial part, i.e., at the time when the
drawdown at the well (at a constant rate Q) is affected both by the additional resistance on the well
and by its vicinity and the well volume (wellbore storage). The slope of the first straight line section is
denoted iZD. The “second straight line” in the semilogarithmic plot of sD vs. log tD appears only in
the late periods of the graph and corresponds to the area that can be evaluated by the Cooper–Jacob
semilogarithmic approximation [2]. The same two straight lines can be observed in field pumping
tests on the semilogarithmic graph drawdown of s vs. log t [31].

Based on Figure 4, in the early-portion of the pumping test, which is influenced by both factors
(skin effect and wellbore storage), by increasing the skin factor, the slope of the first straight line iZD
section increases; also, if the dimensionless wellbore storage, CD, increases then the curves sD vs. log
tD are moved in a positive direction (i.e., to the right).

To evaluate the additional resistances from the early-portion of the pumping test (until
the Cooper–Jacob semi-logarithmic section is unable to be reached), a drawdown value, sD

*,
for dimensionless time tD* was selected, which is the time of the intersection of the first straight line
with the timeline axis (Figure 5). Dimensionless drawdown sD* depends on the dimensionless wellbore
storage CD and the coefficient of additional resistance, SF. In this way, we can find a correlation between
the dimensionless drawdown, sD*; the dimensionless wellbore storage, CD; and the skin factor, SF.
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3. Results

We evaluated the dimensionless drawdown values sD* for the dimensionless wellbore storage,
CD = 1 × 102, 5 × 102, 1 × 103, 5 × 103, 1 × 104, 5 × 104, 1 × 105, 5 × 105, 1 × 106, 5 × 106, and 1 × 107
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and for the dimensionless skin factor SF = 1, 2, 4, 6, 8, 10, 15, 20, 25, 30, 35, 40, 45, 50, 60, 70, 80, 90, and
100 (see Table 1).

Table 1. Dimensionless drawdown, sD*, for the selected skin factors, SF, and the dimensionless wellbore
storage, CD.

SF
CD 1 × 102 5 × 102 1 × 103 5 × 103 1 × 104 5 × 104 1 × 105 5 × 105 1 × 106 5 × 106

0 0.6 0.73 0.79 0.93 0.99 1.13 1.19 1.33 1.39 1.52
2 0.94 1.08 1.14 1.28 1.33 1.47 1.53 1.67 1.73 1.87
4 1.28 1.42 1.48 1.62 1.67 1.82 1.86 2.01 2.07 2.20
6 1.62 1.76 1.81 1.96 2.02 2.15 2.21 2.35 2.41 2.54
8 1.96 2.10 2.16 2.30 2.36 2.49 2.55 2.69 2.74 2.88

10 2.31 2.44 2.50 2.64 2.69 2.83 2.89 3.02 3.08 3.21
15 3.14 3.26 3.34 3.47 3.53 3.66 3.73 3.84 3.92 4.05
20 3.98 4.12 4.18 4.31 4.37 4.50 4.56 4.70 4.76 4.89
25 4.82 4.95 5.01 5.14 5.20 5.34 5.40 5.53 5.58 5.71
30 5.64 5.78 5.84 5.98 6.04 6.17 6.22 6.35 6.40 6.54
35 6.47 6.61 6.67 6.81 6.87 7.00 7.05 7.18 7.23 7.37
40 7.30 7.44 7.50 7.64 7.70 7.83 7.88 8.01 8.06 8.20
45 8.12 8.27 8.33 8.46 8.52 8.66 8.71 8.84 8.90 9.03
50 8.96 9.09 9.14 9.28 9.34 9.48 9.54 9.68 9.73 9.86
60 10.62 10.76 10.82 10.95 11.00 11.13 11.19 11.32 11.37 11.49
70 12.28 12.41 12.46 12.59 12.65 12.77 12.82 12.95 13.01 13.15
80 13.93 14.06 14.11 14.24 14.29 14.42 14.47 14.60 14.66 14.80
90 15.58 15.71 15.76 15.89 15.94 16.07 16.12 16.25 16.30 16.43

100 17.13 17.36 17.33 17.55 17.54 17.73 17.74 17.91 17.93 18.09

Figure 6 shows the plot of dimensionless drawdown, sD*, vs. the skin factor, SF (for dimensionless
wellbore storage CD = 105). For the sake of clarity, only the values SF = 0, 20, 30, and 50 are used in
Figure 6.
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Figure 6. Example of drawdown sD* from graph sD vs. log tD (for SF = 0, 20, 30, 50, and for CD = 1 × 105).

Figure 7 shows an example of the dependences of dimensionless drawdown, sD
*, vs. the skin

factor, SF, for the selected values of CD.

Figure 7 shows that the dependences of sD* and SF are a set of parallel straight lines. The equations
for the system of straight lines can be expressed by:

s∗D = asiSF + bsi (27)

where coefficients asi and bsi for all straight lines (as shown in Figure 7) were evaluated by means of
the least squares method. Based on Figure 7 and Table 1, it follows that these coefficients are a function
of the dimensionless skin factor, SF. The dependence asi = f(SF) and also the dependence.
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Figure 7. Dependence sD * vs. skin factor, SF, for values of CD (1 × 102, 5 × 102, 1 × 103, 5 × 103, and 1
× 104) and SF (0, 2, 4, 6, 8, and 10).

bsi = f(SF) were evaluated by similar equations, as stated in [52]:

asi =
n
∑n

i=1 SFi s∗Di −
∑n

i=1 SFi
∑n

i=1 s∗Di

n
∑n

i=1 S2
Fi −

(∑n
i=1 SFi

)2 . (28)

For all values of the dimensionless wellbore coefficient, CD, the coefficient asi was constant and
equal to 0.166.

The values of coefficient bsi for the given values of dimensionless wellbore storages, CD, were
evaluated in the same way as those in [52]. The equation for the solved dependence has the form:

bsi =

∑n
i=1 S2

Fi
∑n

i=1 s∗Di −
∑n

i=1 SFi
∑n

i=1 SFi s∗Di

n
∑n

i=1 S2
Fi −

(∑n
i=1 SFi

)2 . (29)

The evaluated values of coefficient bsi, using Equation (29) for dimensionless CD drift, are shown
in Table 2.

Table 2. bsi coefficients for the dimensionless wellbore coefficient, CD.

N. CD bs

1 1.0 × 102 0.6448
2 5.0 × 102 0.7690
3 1.0 × 103 0.8420
4 5.0 × 103 0.9754
5 1.0 × 104 1.0375
6 5.0 × 104 1.1689
7 1.0 × 105 1.2325
8 5.0 × 105 1.3644
9 1.0 × 106 1.4272
10 5.0 × 106 1.5581
11 1.0 × 107 1.6195

Based on a plot, the dependence of the coefficient bSi vs. the logarithm of the dimensionless
wellbore storage coefficients represented by CD, from Table 2 was found to be linear (see Figure 8).
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The equation expressing a linear relationship bs vs. log CD has the form:

bS = b1S log CD + b2S (30)

To evaluate the coefficients b1S and b2S, we use a modified version of Equations (28) and (29):

b1s =
n
∑n

i=1(log CD)ibsi −
∑n

i=1 (log CD )i
∑n

i=1 bsi

n
∑n

i=1(log CD)
2
i −

(∑n
i=1(log CD)i

)2 (31)

b2s =

∑n
i=1(log CD)

2
i
∑n

i=1 bsi −
∑n

i=1 (log CD)i
∑n

i=1 (log CD)i bsi

n
∑n

i=1(log CD)
2
i −

(∑n
i=1 (log CD)i

)2 . (32)

The values of b1S and b2S were evaluated via Equations (31) and (32):
b1S = 0.1908, b2S = 0.2681.
After substituting the calculated coefficients into Equation (27), we obtain the final equation for

sD* in the form:
s∗D = 0.166SF + 0.1908 log CD + 0.2681. (33)

After substituting the dimensionless parameters Equations (6) and (7) into Equation (33) and
expressing the coefficient of additional resistances, we obtain the resulting equation for the skin factor
in the form:

SF =
1

0.166

2πTs∗

Q
− 0.1908 log

C
2π r2

WS
− 0.2681

. (34)

Field Test: Rehabilitation of the Dug S-V well—Veselí Nad Lužnicí

We applied the derived method for evaluating mechanical rehabilitation and calculating the value
of the skin factor from the early-portion of pumping tests at the well S-Vwell, which is situated near
the village of Veselí nad Lužnicí (see Figure 9).

Pumping tests were carried out before rehabilitation, after rehabilitation, and to verify the well’s
ageing after one year of exploitation of the well. The pumping tests were carried out at a constant
pumped rate under an unsteady flow regime.

The dug well S-V has an inside diameter of 3 m. The well depth is 10 m, and the position of the
water level below the terrain is approximately 1.9 m. For the geological profile, see Figure 10.
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The values of b1S and b2S were evaluated via Equations (31) and (32): 

b1S = 0.1908, b2S = 0.2681. 

After substituting the calculated coefficients into Equation (27), we obtain the final equation for 

sD* in the form: 

𝑠𝐷
∗ = 0.166𝑆𝐹 + 0.1908 𝑙𝑜𝑔 𝐶𝐷 + 0.2681. (33) 

After substituting the dimensionless parameters Equations (6) and (7) into Equation (33) and 

expressing the coefficient of additional resistances, we obtain the resulting equation for the skin factor 

in the form: 

𝑆𝐹 =
1

0.166
(
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𝑄
− 0.1908 𝑙𝑜𝑔

𝐶

2𝜋 𝑟𝑊
2 𝑆

− 0.2681). (34) 
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Figure 10. Cross-section of the S-V well with geology [61].

Based on the long-term pumping tests, when the late portion evaluable by the Cooper–Jacob
semilogarithmic approximation [2] was reached, the hydraulic parameters of the aquifer were evaluated
with a coefficient of transmissivity T = 0.00715 m2 s−1 and a storage coefficient S = 0.074.

Before rehabilitation, we created observation wells R-1 to R-4, which were 80 mm in diameter
with average depths of 9.0, and wells P-1 to P-6, which were 50 mm in diameter, with the same depth
of 9.0 m (see Figure 11).
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For the pumping tests, the submersible pump was placed approximately 1.5–2.0 m above the
bottom of the well, with a displacement Js of 80 mm, an elbow with a sampling cock, and a water meter
Js of 80 mm, with spool and waste piping from chemlon hoses. The waste pipe was connected outside
the protective zone of the water source to the adjacent sandy part. For the evaluation of the pumping
test, the observation well P7 was located outside the area affected by additional resistance with an
internal diameter of 50 mm. The shape of the graph of the pumping test before rehabilitation showed
that the yield of the well was very low (a large increase on the well’s shell subsequently emerged
from the evaluation). The casing of the well had a large number of inlet openings, and the inspection
showed that the inlet openings were, for the most part, clogged with sand, clay, and pebbles, or were
overgrown with hard increments. The environment behind the borehole of the well (according to
observation of the water level in the casing boreholes) was rounded (low permeability). Based on
these findings, the following rehabilitation procedure was performed. First, the blasting of observation
boreholes Pi and Ri was carried out using cleaning heads. Thereafter, pressure regeneration was carried
out using the observation wells, which had an effect on the well surroundings. After the water level
was lowered to approximately 2.5 m above the bottom, mechanical cleaning of the overgrown inlet
holes was carried out in the well. At the same time, pressure regeneration of the surroundings of the
well was carried out using pressure surges in the observation wells made especially for this purpose,
and the impurities were drained from the inside of the well.

The pumping tests were performed such that they could be evaluated by methods of the unsteady
flow regime—i.e., the time shape of the drawdown in the well S-V and in the observation well P6 was
measured while pumping a constant amount of water from the well. The starting level was about
1.9 m from the well edge. The pumping test before rehabilitation lasted 180 min at a constant pumping
rate of 3.35 L/s, and the drawdown in the well was sw = 4.5 m. After rehabilitation, a pumping test
of 240 min at a pumping rate of 3.7 L/s was performed, and the drawdown at the end of pumping
was sw = 1.03 m. One year after the rehabilitation was performed, a pumping test of 75 min at a
constant pumped rate of 3.52 L/s was carried out to determine the development of the well’s ageing.
The drawdown at the end of the pumping test was sw = 1.29 m (see Table 3). During the pumping
tests, water samples were taken for complete chemical and bacteriological analyses (alkalinity, acidity,
pH, and fixation of iron (II)), which were performed on site.

Table 3 shows the pumping tests before rehabilitation (a), after rehabilitation (b), and one year
after rehabilitation (c).

Table 3. Pumping tests at S-V well in Veselí nad Lužnicí before rehabilitation (a), after rehabilitation
(b), and one year after rehabilitation (c).

(a) (b) (c)

N. Time t(s) Drawdown s (m) Time t(s) Drawdown s(m) N. Time t(s) Drawdown s(m)

1. 130 0.02 30 0.01 1. 60 0.08
2. 215 0.04 45 0.025 2. 120 0.13
3. 240 0.05 60 0.03 3. 180 0.16
4. 300 0.08 90 0.045 4. 300 0.21
5. 420 0.14 150 0.08 5. 600 0.305
6. 560 0.20 180 0.09 6. 900 0.4
7. 800 0.28 240 0.115 7. 1200 0.47
8. 900 0.33 300 0.135 8. 1800 0.62
9. 1180 0.46 600 0.25 9. 2700 0.75

10. 1800 0.67 900 0.34 10. 3600 0.84
11 2700 1.02 1200 0.415 11 4500 0.9
12. 3600 1.25 1500 0.475 12. 9000 1.09
13. 5600 1.76 1800 0.54 13. 15,000 1.18
14. 7200 2.20 2100 0.585 14. 27,000 1.25
15. 10,800 2.78 2700 0.65 15. 50,000 1.27
16. 14,200 3.14 3600 0.72 16. 80,000 1.285
17. 20,000 3.51 5400 0.82
18. 30,000 3.91 7200 0.875
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Table 3. Cont.

(a) (b) (c)

N. Time t(s) Drawdown s (m) Time t(s) Drawdown s(m) N. Time t(s) Drawdown s(m)

19. 44,000 4.15 10,800 0.955
20. 70,000 4.32 14,400 0.98
21. 100,000 4.41 25,000 1.01
22. 200,000 4.47 40,000 1.02
23. 400,000 4.50 72,000 1.03

The following graphs (Figure 12a–c) show the values of drawdown over time for the pumping
tests. Based on the semilogarithmic dependencies, the drawdown vs. the logarithm of time was
subtracted by the magnitude of the drawdown for the intersection time of the first straight line (whose
slope is iz) segment with the timeline axis (see Figure 5).Water 2020, 12, x FOR PEER REVIEW  16 of 21 
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Using the derived relationship (Equation (34)), the skin factor values were evaluated, and the
drawdown caused by the additional resistance (according to van Everdingen [21]) was determined.
This drawdown corresponds to the additional drawdown at a steady flow to the well. The skin factor
values were also evaluated using the Cooper–Jacob semilogarithmic method, since second straight
lines were achieved in all three pumping tests. Skin factors were determined using Equation (16).

The pumping tests showed that the rehabilitation resulted in a reduction of the skin factor from
48 to 6.8, which indicates the effectiveness of the selected rehabilitation intervention. Furthermore,
to evaluate the ageing of the well, a pumping test was carried out after one year of operation (i.e., one
year after the rehabilitation). The skin factor increased from 6.8 to by 10.8 (see Table 4), which proved
the deterioration of the well’s condition after a year of operation post-regeneration.

Table 4. Results of evaluating the skin factor and additional drawdown—S-V well.

Before Rehabilitation After Rehabilitation 1 Year after Rehabilitation

Pumping rate, Q (m3
·s−1) 0.00335 0.0037 0.00352

Pumping test duration (s) 400,000 72,000 80,000
s* (m) 0.62 0.135 0.18

New method (Equation (34)) 47 6.8 10.8
Cooper–Jacob method

(Equation (16)) 51 7.9 12

Difference (%) 8.4 15 11.1
Additional drawdown sskin

(Equation (12)) 3.51 0.56 0.85

4. Discussion and Conclusions

In this paper, we derived a correlation of the dimensionless drawdown for the intersection time
tD

* of the first straight-line (see Figure 3) of the pumping test in a semilogarithmic graph as a function
of the dimensionless wellbore storage, CD, and the skin factor, SF (Equation (12)). The derivation was
undertaken by applying an approximate solution of the partial differential equation using dimensionless
parameters for the symmetrical radial flow problem in an infinite confined aquifer with a constant
thickness to the fully penetrating well, pumped with a steady flow rate. The solution was obtained by
using the Laplace transform in conjunction with the Stehfest algorithm 368, the approximate method
for the numerical inversion of the solution in Laplace space. The skin factor, SF, was evaluated
from the early portion of pumping test data (the part of the pumping test before the Cooper–Jacob
semilogarithmic straight-line was achieved) by means of Equation (34).

The skin factor from the semilogarithmic plot (sw vs. log t) of the early portion of the pumping
test can be evaluated without using type curve matching. This new procedure is particularly useful
when the early-time slope of the first straight-line has been observed. The usefulness of the derived
correlation s* (vs. SF and CD) has been demonstrated in the field example through the evaluation
effect of mechanical rehabilitation at a S-V well (Veselí nad Lužnicí). The validity of this new method
was checked by comparing the skin factor calculated by the new method with the Cooper–Jacob
semilogarithmic method (Equation (16)) (see Table 1). We evaluated the differences between the skin
factor determined from Equation (34) and that determined from Equation (16). Comparing these skin
factors demonstrates that the estimate of SF is in fair agreement with the other values. For the field
example, the agreement is surprisingly good. The differences ranged between 7% and 12% (Table 4).

If the pumping test is too short to observe the Cooper–Jacob semilogarithmic straight line, then
the derived method is applicable for evaluation of the skin factor; all other parameters must be known,
but the pumping test should run long enough that sw vs. log t can fully develop into “the first straight
line” on the semilogarithmic plot. This method may be used when other techniques do not provide
satisfactory answers or if the late-time portion of the pumping test is missing and the Cooper–Jacob
method or type curve cannot be used. For the application-derived procedure, the storage coefficient
and transmissivity of the aquifer must be known, but to evaluate the effects of rehabilitation on the
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well and accurately control age, this procedure is sufficient. We applied the stated method to several
other evaluations of rehabilitation wells. In all instances, the results of the Cooper–Jacob method were
as good as those in the previous field example comparisons. The differences were a maximum of 25%
(in groundwater, this is very good agreement). However, the derived procedure presented in this
paper is not proposed to replace the current methods used in groundwater hydraulics and petroleum
engineering. To evaluate the skin factor from the initial pumping test section, it is necessary to record
a decrease in the water level in the well at sufficiently short intervals immediately from the start of
pumping. It is advisable to select a monitoring interval of 1 s until the beginning of the first straight
line in the semilogarithmic chart, and then it is possible to observe the reduction in time steps of 5–10 s.
This is very important for the application of the method. By correctly applying the derived method
and correctly determining the first straight line (the first straight line can be determined in almost all
instances), the intersection time of the first slope with the log t axis can be determined with a high
degree of confidence. The application of this method eliminates the main problem of the type curve
method because lines of different types are often so similar that it is very difficult, and often impossible,
to find conformity with the actual pump test curve. For this reason, quantitative information cannot be
obtained with the same degree of accuracy as information obtained via calculations using conventional
Cooper–Jacob approximations. Due to the cost of extended pumping tests, the modern trend has been
towards the development of hydrodynamic tests for the pertinent analysis for early-period data for
information obtained prior to the usual straight-line of the well test [5]. These data can be analyzed
using the “derived method” for economic or practical reasons. The method derived here contributes to
the possible evaluation of the skin factor. The advantage of this method is that it can be used in cases
where the application of other methods is difficult or even impossible.

This new technique is applicable to the interpretation of ground water-pumping tests. When
deriving the groundwater flow, dimensionless parameters were used. The results could also be applied
also to petroleum areas if the dimensionless parameters from [10] are used.

• Dimensionless pressure:

p∗D =
k h

141.2 q B µ
∆ p∗.

• Dimensionless intersection time:
t∗D =

0.000264 k t∗

φ µ ct r2
w

• Dimensionless wellbore storage:

CD =
5.615 C
φ ct h r2

w

where k is the permeability (md), h is the formation thickness (ft), q is the flow rate (STB/D), B is the formation
volume factor (RB/STB), µis viscosity (cp), ∆p is the pressure change (psi), φ is the porosity, ct is the total
compressibility (psi−1), rw is the wellbore radius (ft), and C is the wellbore storage coefficient (STP/psi).

With these dimensionless parameters for petroleum engineering, Equation (33) is:

p∗D = 0.166SF + 0.1908 log CD + 0.681.

From this equation, the skin factor SF can be evaluated.
It should be noted that the derived method for skin factor determination is not intended as a

substitute for other procedures but as a complementary solution providing application possibilities
even when some methods cannot be used.
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